Week 5: Implicit Derivatives, Related Rates and Op-
timization

Goals:

e Introduce implicit differentiation.

e Study problems involving related rates.

e Formalize the first derivative test and the second derivative test
for identitying local maxima and minima.

e Distinguish global vs. local extrema.

e Practice optimization word problems.




Tangent Lines to Relations - Implicit Differentiation - 1

Implicit Differentiation

If we define a graph by the relationship ¥y = f(z), then we have a formula for
tangent lines.

uestion: What function below is the tangent line toy = e % at x = 07
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Tangent Lines to Relations - Implicit Differentiation - 2

Question: Can we define a function in the form y = f(x) that describes the

points on the circle below?
Y

(a) Yes.




Tangent Lines to Relations - Implicit Differentiation - 3

Write out a formula for the points in the circle shown.
L
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Tangent Lines to Relations - Implicit Differentiation - 4

Question: Can we, in principle, define a tangent line to the circle at the point

(2, v12)?




Implicit Differentiation - Example 1 - 1

2

Implicit Differentiation - Example 1 R
3‘8/5[7: 1\

Find a formula for the slopes of tangent lines to the circle z° + y*> = 16.

To find these slopes, weintroduce a technique called tmplicit differentiation. The

name comes from treating y’s in our formulas as implicit functions of £ when we

differentiate, even though we don’t explicitly have y written as a function.
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Implicit Differentiation - Example 1 - 2

For the circle x* + y* = 16, find the slope at the point (2,+/12), and sketch it
on the graph.




Implicit Differentiation - Example 1 - 3

What s different about the derivative found by implicit differentiation, com-
pared to the derivative of a function?
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Implicit Differentiation - Example 2 - 1

Implicit Differentiation - Example 2

Example Sketch the curve defined by the relationship v = y*.
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Find the equation of the tangent line to this graph at the point (4, 2)
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Implicit Differentiation - Example 2 - 2

Tangent at (4,2) to = y* (continued)

29 @uy) x|
ax 2y c:l\ o) T 22y g

S
}
Cc
¥
o~
c
2
A
N
R
|
- @
W
x
>0




Implicit Differentiation - Example 3 - 1

Implicit Differentiation - Example 3

Note that implicit derivatives of even complicated relationships are straightforward

to compute. o fas e oo Sl«fa._s
d

Example: Use implicit differentiation to calculate i when

dx

r° 4 22y + sin(zy) = 1.
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Implicit Differentiation - Example 3 - 2

2° + 22°y + sin(zy) = 1

Is the point (1, 0) on this curve?
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Implicit Differentiation - Example 3 - 3

\ A

2° + 22°y + sin(zy) = 1




Implicit Differentiation - Example 3 - 4

2° + 22°y + sin(zy) = 1

FEstimate the y location of the nearby point on the graph at r = 0.95.
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Implicit Differentiation - Example 3 - 5

Here is the graph of the relation, shown at two different zoom levels.
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Sketch the tangent line found in the previous question.
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Related Rates - Car Example - 1

Related Rates S NS QUL

S

We can use the Clz' Rule and Implicit Differentiation to solve problems involv-
ing related rates. As the name suggests, we use the rate of change (i.e., the
derivative) of one function to calculate the rate of change (derivative) of a second
function.



Related Rates - Car Example - 2

e A%
Example: A car starts driving north at a point 150 metgrs east of an
observer at point A. The car is traveling at a constant speed of 20 meters per

second. How [ast 15 the distance between the observer and car changmg after
10 Secands?
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Related Rates - Car Example - 3
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Related Rates - Water Tank - 1

By using implicit differentiation, we can solve related rates problems even if we do
not have an explicit formula for the function in terms of the independent variable
(usually time).

Example: A conical water tank with a top radius of 2 meters and height
4 meters 1s leaking water at 0.5 liters per second. How fast is the height of
the water in the tank changing when the remaining water in the tank is at a

height of 2 meters? Zm
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Related Rates - Water Tank - 2
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Related Rates - Water Tank - 3

Question: When the water height is above 2 m, is the water height changing
more quickly or more slowly than the value we just found?

(a) more quickly

(b) more slowly L~

A
A &( "<
a ad UTH L2 :
N 1 B —
Cenns des-l- \("\?)’\ N2 Mr L
- Q.S /Q/ _ 51_,\,,_94&/\ é_\_/_\
S



Related Rates - Ladder - 1

> 2y
General method for Related Rates problems a2 >

e Draw a picture (if possible) of the situation, and label all relevant variables.
e Identify which of the variables and their rate of change are known.
e Identify which rate you are trying to determine.

e Write an equation involving the changing variables, including the function whose

rate you are trying to find. (= (he roFu Ay < ﬂ

e Apply implicit differentiation to the equation, before substituting any known
variables.

e Substitute known variables and rates.

e Solve for desired rate.



Related Rates - Ladder - 2

No calculus course is complete without a related rates ladder problem.
Example: A 5 m ladder is propped against the wall. You climb to top,
but then it starts to slip; the tip of the ladder is moving downwards at 1 m/s.
Find the rate at which the bottom end of the ladder is sliding along the ground,
when the bottom of the ladder is 3 m away from the wall.
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Related Rates - Ladder - 3
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Related Rates - Ladder - 4

Repeat your calculations, but for the rate at which the bottom end of the ladder
1s slide when the top of the ladder is just about to hit the ground.
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Related Rates - Ideal Gas Law - 1
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0.1 moles of gas are held 1 a piston, and the teg?j;emture 1s held constant
at 273° K. The piston moves to decrease the volume from 3 [ to 1 [ over 60
seconds. What is the pressure half-way through this process, and at what rate
zs the pressure changing at this time? =7
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Related Rates - Ideal Gas Law - 2
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Related Rates - Radar Tracking - 1

Example: A radar tracking site is following a plane flying in a straight line.
At its closest approach, the plane will be 150 km away from the radar site. If
the plane is traveling at 600 km/h, how quickly is the radar rotating to track

the plane when the plane is closest? N /\\
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Related Rates - Radar Tracking - 2

Does the angular rotation speed up or slow down as the plane moves away
from the radar station?
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Related Rates - Radar Tracking - 3




Optimization - Classifying Critical Points - 1

Optimization - Classifying Critical Points

An important goal in many engineering applications is to optimize
the system you are designing. E.g. choosing the angle in g truss that
maximizes the strength of the structure. A

Problem. Sketch several continuous graphs, and identify charac-
teristics of the points at which the function reaches a maximum or

minimum output value. <\ pe. =0 CosfP
L) | /




Optimization - Classifying Critical Points - 2

We define these points of interest as critical points, and they satisfy
either

— o f/(x) =0, or
— o f/(x) is undefined (but f(z) is defined).

l
£ (=0
V\-Sl:\ﬂxs( e~ NE T e

It is worth noting that all such points are critical points, and that
the maximum and minimum values of the function will be a subset
of these. Each individual critical point will be a local min, max, or
neither, and we’ll need to do further calculations to determine which.



Classifying Critical Points - Review - 2

4

/

%irst Derivative) Test

ne way to decide whether at a critical point there is a local maximum or minimum
is to examine the sign of the derivative on opposite sides of the critical point. This
method is called the first derivative test.

Complete this table:

neither local max nor min
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Sketch f" sign left of ¢| f/ sign right of ¢
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Classifying Critical Points - Review - 3

Example: Find the critical points of the function f(x) = 22° —92*+ 122+ 3.
Use the first derivative test to show whether each critical point is a local
maximum or a local minimum.

Sek

N) 2o gt(x3‘= sz—le_~\—\Z -0 ot -
/ —
€ () ) (=7 =>) =0
(e -2) (D=0

cce B{{‘L\ C/:\'l' ron-j‘3 "Fc'i‘ F(x)

So ZC:—Z_) x =\

Sl A—cl- a'F —C—(v) ‘ o=\ lﬂta—&
Soc Q(L“"") / © ° \T_: = e
k ¢ < et
A [ ls"
é\cspzb ;[(&f\:: C (’DC.—'L)()C_——L) (—\-) ("_) ((—‘r)) So L?J
~ o a + Cu$.
() —) —) ek

(==\) —) (A (+)



Classifying Critical Points - Review - 4

Using your answer to the preceding question, determine the number of yeal
solutions of the equation 2x° — 92 + 12z + 3 = 0.
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Classifying Critical Points - Review - 5

Second Derivative Test
You may also use the Second Derivative Test to determine if a critical point is a
local minimum or maximum. -

N

e The first derivative test uses the first derivative around the critical point.

e The second derivative test uses the second derivative@the critical point.

o If f'(c) =0 and f”(c) > 0 then f has a local minimum at c.

T

<

o If f'(c) =0 and f”(c) <0 then f has a local maximum at c.
C
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o If f'(c) =0 and f”(c) = 0 then the test is }nconclusive.
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Classifying Critical Points - Review - 6

Example: A function f has derivative f'(z) = cos(z?) + 2z — 1.
Use the second derivative test to determine whether it has a local mazimum,
a local minimum, or neither at its critical point r = 0.
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Global vs. Local Optimization - 1

.

The first and second derivative tests only give us local information in most cases.
However, if there are multiple local maxima or minima, we usually want the global
max or min. The ease of determining when we have found the global max or min
of a function depends strongly on the properties of the question.

Global vs. Local Optimization

Local vs Global Extrema

A local max occurs at x = ¢ when f(c) > f(z) for x values around c.
A global max occurs at x = c if f(c¢) > f(x) for all values of z in the domain.

[t is possible to have several global maxima if the function reaches its peak value

at more than one point. ‘& s~ (=) I/-\\ /\/

——

Corresponding definitions apply for local and global minima.
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Global vs. Local Optimization - 2

Example: Give an example of a simple function with multiple global max-
1Ma.

(
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Example: Give an example of a stmple function with a single global maxi-
mum, but no global minimum. a0
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Example: Give an example of a simple function with neither a global maz-

imum nor a global minimum.
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Global vs. Local Optimization - 3

Example: FEarlier we worked with the function f(z) = 223
If we limit the function to the interval x € |0,2.5]
and global minimum values on that interval?

— 9% + 12z + 3.
, [what are the global max
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Global Extrema on Closed and Open Intervals - 1

Global Extrema on Closed Intervals

A continuous function on a closed interval will always have a global max and a
global min value. These values will occur at either

e o critical point or
e an end point of the interval.

To find which value is the global extrema, you can compute the original function’s
values at all the critical points and end points, and select the point with the
highest /lowest value of the function.
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Global Extrema on Closed and Open Intervals - 2 \ / \\ /
\
A \
Global Extrema on Open Intervals f \
[
V)

A function defined on an open interval may or may not have global maxima or
minima.

If you are trying to demonstrate that a point is a global max or min, and you are
working with an open interval, including the possible interval (—oo, 00), proving
that a particular point is a global max or min requires a careful argument. A
recommendation is to look at either:

e values of f when x approaches the endpoints of the interval, or £oo, as
appropriate; or

e if there is only one critical point, look at the sign of f’ on either side of the
critical point.

With that information, you can often construct an argument about a particular
point being a global max or min.




Global Extrema on Closed and Open Intervals - 3

Example: Consider the function f(x) = 2x° — 92* + 12z + 3. (Sc.ew- (O<£W1J
Does f(x) have a global max?

/\

(a) Yes, f(x) has a global maximum somewhere in its domain. /
|~

(b) No, f(z) does not have a global maximum. " A
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Global Extrema on Closed and Open Intervals - 4

For the function f(x) = 223 —92*+122+3, does f(x) have a glocal minimum?

(a) Yes, f(x) has a global minimum somewhere in its domain.

(b) No, f(x) does not have a global minimum. ¢~ / N\
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Global Extrema on Closed and Open Intervals - 5

Example: Does the function g(x) = (x — 2)* have a global mazimum?
(a) Yes, g(x) has a global maximum somewhere in its domain.

(b) No, g(x) does not have a global maximum. &—=" N




Global Extrema on Closed and Open Intervals - 6

Example: Does the function g(x) = (x — 2)* have a global minimum?

(a) Yes, g(x) has a global minimum somewhere in its domain. L (/k)x_aJ

A
\ —

(b) No, g(x) does not have a global minimum.




Optimization - Fencing Example - 1

Optimization

An optimization problem is one in which we have to find the maximum or minimum
value of some quantity. In principle, we already know how to find the maximum
and minimum values of a function if we are given a formula for the function and
the interval on which the maximum or minimum is sought. Usually the hard part
in an optimization problem is interpreting the word problem in order to find the
formula of the function to be optimized.



Optimization - Fencing Example - 2

Example: A farmer wants to build a rectangular enclosure to contain
livestock. The farmer has 120 meters of wire fencing with which to build a
fence, and one side of the enclosure will be part of the side an already existing
building (so there is no need to put up fence on that side). What should the
dimensions of each side be to maximize the area of the enclosure?

What is the quantity to be maximized in this example?

(a) Length of wire.
rea enclo;D A= S

(¢) Side lengths beside barn.




Optimization - Fencing Example - 3

What are the variables in this question, and how are they related? You may
want to draw a picture. Coe X
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eliminate all but one of the variables.
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Optimization - Fencing Example - 4

Use the techniques learned earlier in the course to maximized the function on
this domain. Give reasons explaining why the answer you found 1s the global
Mazymum.
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Optimization - Fencing Example - 5

(Fencing example continued)



Optimization - Storage Example - 1

Example: (Storage Container)

A rectangular storage container with an open top is to have a volume of 10
m>. The length of its base is to be twice its width. Material for the base costs
$10.00 per m?, and material for the sides costs $6.00 per m?. Determine the

cost/ of the material for the cheapest such container.
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Optimization - Storage Example - 3
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