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Chapter 1

Multivariable Differential Calculus
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1. Lines and curves

2. Planes in 3-space

3. Functions of several variables.

4. Partial derivatives.

5. Tangent planes

6. The multivariable chain rule and linear approximation
7. Gradient and directional derivative

8. Optimization--max and min

9. Investigations
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1. Lines and curves PhunsTeS N
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Example 1.1. Find a parametric equation for the line
that passes thre he point (2, 1, 2) in the direction

1|y

and calculate "‘ and speed of the moving
point. = —
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Example 1.2. Aline is drawn from the origin to the
point (1, 2, 3). What is the slope of the line?

Note: In a coordinate system, “slope” has no meaning
unless we specify the vertical axis. In 3 dimensions we
will always take this to be the z-axis.

Answer: slope = 3//5
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C
Example 1.3. (a) Show that the c1rcle centred at the origin with radius 3 can be parameterized by the _? _ n
equations ' — — C\TCewm 2 n -(5)
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(b) Using this parameterizati la#é the resulting speed in two —
different ways: A
i) using only geometry and trig. 2 r T-)
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.4 (a) Sketch the curve in R3 with parametric equation: Here we use a special purpose slope
A= ;Cf’sf x, 3 C_:d"c’ul :...s( zoaes formula:
Yy = &sin . . .
Z=3t . " \ 0 _rise _ vert velocity _ z
T e | J < ( ¢ run  horizspeed [3Z 1 y2
(b) Interpreting t as time, find the velocity and the speed of the
moving point at any time t. f__, ) x ( 2
(c)Take the z-axis as vertical and calculate the slope m of the curve. (—_b_ 2. O
[Answer: v = [-2sint, 2cost, 3], speed = /13, slope = 3/2]
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Example 1.5. Walking on the hill ! /\/\
I am walking on the hill = ( x) ‘:);%)
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The projection of my path on the x-y plane follows the ellipse ff;'?;;,-.;:;':;‘!.;:5;‘!::3;;5‘33::‘:3;:? e~ o
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At what point is my path th
what is the slope of the climbatthat point?
Answer: x = i\/g,y = i\/g,z =6m=+=2.
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Example 1.5 (cont’'d
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2. Planes in 3-space

The dot product of two vectorsu = [q, b, c] and v =[x, , 7] is defined as:
uev = = [a; b; C].[Xry) Z] =ax+ by + CZ
[ have given this definition in R3 but it can be formulated in any R”. Thus
—
[1,2,3]e[4,-1,1]=4-2+3=5
[1,2,3,4]¢[4,3,2,1]=4+6+6+4=20
[1,2]e[4,-2]=4-4=0

Note that the dot product is a scalar, a real number.

The dot product is called a “product” so you might suspect that it distributes over addition (as any self-

respecting “product” ought to do). And indeed it does:

we(u+v) = weu + wevy

[

It is also useful to observe that it is commutative: uev = veu.

The length of a vector u is defined as

@ lia b el = Va?+b2+c2.

Thus the vector [1, -2, 3] has length: \/12 + (—2)2 +3% = \/ﬁ

Note that the dot product of a vector with itself is the square of its length:

=[a, b, c]e[a, b,c] = a2+ b2+ c? =

The distance between two points is the length of their vector difference.

For example, the distance between the points [1, 2, 3] and [4, -2, 1] is:
dist([1, 2, 3], [4,-2,1]) =] [1-4, 2+2, 3-1]||

=11-3,4 2]l|

J3)? +4% 422
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Example 2.1. The ge etryoM =\at 72°5+ 36

u-v
|[u|e][v]| cos@

where 6 is the angle between the two vectors.

We'll prove this in a moment, but a significant (and immediate)
consequence is: AON—T el

V4

The Orthogonality Theorem. Two vectors are orthogonal A
(perpendicular) if and only if their dot product is zero:
erpendicuia

<

ulv < uev=_0 u_»

Proof of the Geometry Result: The trick is to express the length of the vector
difference u-v in two different ways. The firstis algebraic and writes it as
the dot product of the vector with itself, and then expands:
|| u-v || 2 = (u-v)e (U-V) = UeU - UeV - VelU + VeV
= ullz-2uev +[v] ¢

The second is geometric and uses the cosine law for the triangle formed by
the vectors u, v and u-v:

c2 = a? +b? - 2abcosO 2 =a2+b2

lu-vllz = flu]lz+ [ v][z-2[lu][ ]| v]|cost

Now compare the two right sides to get a

2||a]| ||v]| cos@ = 2uev

0

and the result follows. b

‘cz =qa’ +b* —2ab cosO

Find a non-zero vector that is orthogonal to bothu=1[1,1,1]and v=[1, -1, 2].

Solution: The vector w = [a, b, c] must satisfy the equations: ?Lr—)

weu=a+b+c=0
wev=a-b+2c=0

We have two equations in three unknowns so there will be a “degree of (£) = ‘? (:(b)
e . . . L) =
freedom” in the solution. We expect that as on geometric grounds the solution

will be determined only up to a constant. To eliminate one variable add the !
equations: + 5 (%) (¥ _"o)
2a+3c=0

Using the degree of freedom, set a = 3. Then ¢ = -2. And then from either of
the original equations, b = -1. The answer is [3, -1, -2] or any of its multiples.

Derivatives page 7
PAGE 8




P = et 7P

APSC 172 Winter 2023 A enaan Chapter 1. Differential Calculus

An equation of the form N V — ? PD —_ @V T 6)(&&
n¢| )=0

@D eyl a) =0 g-mil(_ poid o~ plan

describes a plane which passes through the point Po = [X,, y,,z,] and is orthogonal to the

normal vectorn = [a,b,c]. N Q
This equation can be written in two other useful forms: Ca,b ) ‘ ve Bt
The point-normal form a(x-xo) + b(y-yo) + c(z-20) = 0 [ P

The standard form ax+by +cz=@ Xe, Js, 2o o o
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Example 2.2. Find the equation of a plane that passes through the point (2, 3, 2) with normal vector in the

direction of the vector [1, -2, 4].
-\ [\ ()<° J :jﬁ f’o_)
" (2,3,2)
= [_ | ] "'Z) L‘)

= E_Ok. J LJC'l

sinks  (Xiy,TY o —z21=0
iti's Pkcmj s»-’R%j [, 970007 -3

[Answer: x - 2y + 4z =4.]

e ()g_rf? r

(=2 +C2)(y=2) ¥ HEDTO
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Example 2.3 Reflection in a plane. Given
the point.A(2, 4, -6) and the plane = = [\ 1\

xX—2y+z=6 —

find the reflection B of A in the plane. ('L (__‘ _ )
) 1)
That is, if the plane is a mirror, B is the
image of A.
[Answer: B = (8, -8, 0)] QL c L "R E) ) _-)'_j B
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Example 2.4. How far apart are the following two planes?
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