/
2 -’rov-auJ trs 2=2,4 £ (m)(x—&)
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5. Tangent planes | > Lnogn

[
:E)(q} j&_;%“]

Recall that the equation

a(x —xq) +b(y —yo) +c(z—25) =0 g\bé%)

describes a plane passing through the point (xo, yo, Zo) with normal vector [q, b, c]. if ¢ = 0, the plane is
vertical (i.e. parallel to the z-axis) but otherwise we can divide by c and rearrange to write the glane as

>= 3?%3\ \\msel™ 2= 25+ A(x — x0) + By — ¥o)

Q
where A = -a/cand B = -b/c. This defines z as a linear function of x andy.o — A e ,\“;5_ - CY‘-X V-
Note that 0z/dx = A and dz/dy = B. - ) L}))

Definition. Given the graph of a function f{x, y) (which is a surface in 3-space), and a point on the surface, ® &'J
the tangent plane to the surface at that point is the unique plane passing through that point that has the

same slope as the surface in both the x- and the y-directions. Those two slopes are of course the two

partial derivatives of the function at the point.

The equation of the tangent plane to the surface z = f{x, y) at the point

(0, yo, 2o) is Ll Slape %/3 ‘3[¢fﬂ *\-QJL'H\P =

P T

Pt g, G g L G =tged e

0. PA:(X‘ UIA)
L= Jd"l

Note that this plane has exactly the properties of the definition above—-its slopes in the x and y direction
are

fx(x0,Y0) and fy (%0, Y0)

at the poi )
[Ans: z-2 = (4/3)(x-2) + (4/3)(y-1).] 2=

@(2.)\)7—3“-*(%,3.,%)
= Z x S, = ..L_(z) - L\'/
> * 3 3 -
$ 61‘,,.?17{3 1S A |
~ ci~cdence

Y —
Torperd Pl O = 2+ (3)02) eI RO IS
A7 2y * 'g:x '(X-:Q) "\"_g':ﬂ (:)’-\70)

S

L-\ RF \\ ~sent™ 516p1~ Derivatives page 19
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Chapter 1. Differential Calculus

Example 5.2. (a) Use implicit differentiation to find the tangent plane to the
sphere

(O x2+y2+22=9 re N Tion ) ret Roactio

at the point (2, 1, 2).
[Ans: z-2 =-(x-2) - (y-1)/2.]

otk At .
Gad 22 SF o oplell AT o

ax °® c}:)
Toks o OS{\' Qm‘\_‘f‘ Sms QF @ 2 9 =0
3% g"" i
o sidRs. _2*
g/;lx-b'“ =S St = % |

> 2_7_ -\ 4—0 ‘\-2,%'__3__.2.';' :-'O ox

fc _‘_5_..:’:'5— - —2= _ =X
Sl 3 — %
2 =0 2 y= 2 - 22
T&&%&bb:\ig}m‘; %™ > 3,970 ) 5y % Sy
o2 _ "‘3/%
~ D7
: "L k J B p[o\w\ @CZJlJz’)
@2\ 1) S |
- - ~ 1
2= - "B A %:Lﬁl,ta):z -&—(—L)C'x_—l) + ( /”)(U )
%
oy 2E __—-53/,2::"”2 25 + £x (x-%) ¢ -Y:Q (U-—{jo)
> (b;U th try of the sphere to check © pock @ pord
se the geometry o € Sspnere to cneck your answer.
Qo.-a\. wa Cav U IS<AN é_fl_—‘:t‘ plg.m‘l. %Pﬁ'ﬁu—i& (2)\)2-)7

#UA\\'—"-QZ_J\JL‘\ ) Paht?_’\’l:x

v < T a-\(2,1,2[)
g (x-2) + V(3= V) +2(F2) =0 sems P o g+ plo
?\.'((K,‘D"tﬁ'—tl)“,z‘)):g

\

2.
Tail > (a-rym =202 =1 (g™

-
=—-1= _}7‘__ (=2 —E.(’U-k)

2 = 2 S C— \ 3(_‘)6.."‘ 2—3 + (-‘Q’) CUP t) <"—-—-——_ Derivatives Dﬂﬁg/
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Example 5.3. Find all tangent planes to the elliptic paraboloid
z=4—x?— 2y

that contain the llne y = O +

_(aé L‘
[Ans:z=7 + 2x - 4yz 7 - 10x/3+4-y/

BN foged ploas ot (% b,&

AN
N ek Q low X
SES 22 - e
o - —2X% o™
= _ _ubk
2 :‘.—-Lfa >3 )
8-:3 C-_x_—-o._) .\—(-—L\L:)( _13

Plon '23 \"u‘(i)\ 2, + Cx ( x—%) * {‘J ('j'_.jo}

SLopﬂ-.. SLGPQ :

%
Th PLO\M st c‘ﬂ\\?&; -\-:_2’{_‘&/“ sebs AT plowvs

x= £ '-"t
#’ﬂﬂ——F] ' &, ({? Ei) *Adfh+ &€+A$Ll
SPNATy CEOR TS
© (F+- 2t) = (Lx_ O)
Too. Yoo S,— £=0 ) N o whale L.
=0 4+ 2o JUb
(Df'_ls*c 7__ L_\ O -—L‘o
-
o« 3= o -t—Llo
G
a,\e:;\‘\‘w& v, F —20 $2eF — 6 +'-ib
'_'F__ b—
® =/ a 4.257') 2a—ub ._ [-2_19 3
fl JL EL — 2_“’LkQ3

- 03"')-0*—%!: -

2 2
3-0
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3= (\ — UG+ %L)*-?f'a?'
O=-2 —uUb + b ™

..‘
L5 p=l o~
Ry (2 O = ¥ —2b—
o = (b=1)(36+1)

fahar — N |
— |\ — -

— - > =

So b=1 o= |-2b l <
by ——= OF 1=2(76) = 2o

o oR (%5):(_\JL\ o ({{5;[(5)
ot Qo Tnaledn e given L.
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6. The multivariable chain rule and linear approximation

Example 6.1. Consider the paraboloid: /"5/'3—\ 2.
bJ L J

z=25—x%+xy—4y?
Suppose you are standing on the surface at the point (3, 1)15) and
begin walking up the hill in the direction of the vector[-2, —1,”

Find a general expression for the rate Z at which you are
ascending in terms of your x and y velocities.

M’L'A‘ ourt ‘\‘W\')Q\C—{uc:) o3 q__fﬂ-s"b\n-k"'a\l(,_ V; / | __.
?—sm_’rm ‘:_ "-, ’ |
x 3 [_2] o e 3
[3 ‘(\KH RET 2 =
R S Wa .
1 Qo % farw a}ﬁ‘\‘) - \\4 Z| 9 . S \CP \
) dx_ x=-2 C,q)‘) P4 = {\
i 3—2-‘{- - ﬁ -2 d{ ’u (‘,13/\
3: 11—t ~ ég: (:j :-—( C}—S
Ly bt odoast z? o 1
Z -? " o—-\oAAW-)
E:ZS'-—-:C-Z-Lx_:j-Uc\\»] q,_&(tﬁ N
e it B/ e loked TS
day  oF bath  sidds )
2 (2 = 4 (2g-x*t=y-ly
’f\krai ( 3 &'@ ( N ‘%LA '3 3 /71 N
?:”Pc%ﬂff ‘Zxﬁ‘*(ﬁ’i)* a@' 9 It 'l:\bé/\?—
T S )
2z = —2(3)(2) + (D)) + (3L —EET §
> _ |2-2 " >»aK =S @) e —= e thsg gT=pS /U‘f‘v -
~ m“("w)E*fi,_b)ﬁ - 55T :
Sk 2T .
o7 ) A= \'m,owf AoATo blo
x )
UC{')
z2( €)

& --—-> 2o el .'A‘f %
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What is gradient descent?

Learn about gradient descent, an optimization
algorithm used to train machine learning
models by minimizing errors between
predicted and actual results

= Topology optimization XA 4 languages v

Article Talk Read Edit View histon

From Wikipedia, the free encyclopedia

Topology optimization (TO) is a mathematical method that optimizes material layout within a given design space, for a given set of loads,
boundary conditions and constraints with the aoal ef maximizing the performance of the system.

The conventional top&iogy optimization formulation uses a finit& elenteri method (FEM) to evaluate the design performance. The design is
ither RIERlent-based mathematical programming techniqtes such as the optimality criteria algorithm and the method of
lgforithms.

optimized using/€
tes or non gradient-based algorithms such as genetic

moving asympfe

Topology optimization result when &I
filtering is used

1.000
0.834

0.647

0.334
0.168

0.001

Sources: Topology optimization of a &
- WIkIpEdIa compliance problem
- IBM Cloud
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Example 6.2. The multivariable chain rule. In Example 6.1 you are
walking on the hill

z=fxy)

and we found a general expression for the rate Z at which you are
ascending in terms of your x and y velocities. I'm going to write
this in a whole bunch of equivalent ways—different notation and
different ways of thinking about it.

\ dz 0z| dx 0z| dy

0\‘6‘\\ E‘ﬁOEJ’EOE a&;_ﬂ-ﬁoit
G;\?_P( $- o

° % d dx dy I

o e = o+ Bl
(\,"UJ o(: Oé /_Y_’—j
:,—5’- - S .
AT T Sls Al gl el %9

These expressions describe instantaneous change at the base
point (x,, o) and the 0-subscript on the right-hand side

(f;;ia

emphasizes this. This is what is called the multivariable chain rule.
[t writes the rate of change of z as a sum of two terms. The first
captures the component of change due to the fact that x is
changing and the second captures the component of change due to
the fact that y is changing. The formula says that we get the net G.Q-}\D\
rate of change by adding the two component one-variable
changes. This is a significant result and it is not at first obvious. Sj‘»

The last equations displays the fact that the right-hand side is a
dot product and the vector of partial derivatives of fis called the
gradient of f. It is written Vf and is called grad f. So the last
equation says that the rate of change of z is the dot product of the
gradient of fand the velocity vector v =[x y].

The gradient of a function f of x
and y at the point (xy, y,) is the
vector of its partial derivatives:

E{\‘\ @(xo'yo) = [fx fy]

This concept gives us a natural
way of writing the multivariable
chain rule as a simple dot
product.

But we shall soon see that the
gradient has a number of
powerful properties.

This writes the multivariable equation as a direct generalization of
the one-variable chain rule for z = f(x):

dz

. dx
%SO

9

v '

Example 6.3 A bug is walking up the parabola y = x% at speed 0.3.
The temperature of the landscape depends onposition according
to the equation

Y "')( {6’03)

= VT)'C-:V>

= [T1 S T&l‘[%"t ) _3%3:1 PAGE 24
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oo >, 9 'T‘
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ooarst O
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N
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{ >~

1

Derivatives page 23




ot =l 4=l A 3 2
_— x =
T =2 X0 (()=\2 e 3x .
Ty = O3 A e 2
Jom
BN S PPN =x pmbo(o\ ‘o
e P 2 U o—*‘ C'l_,l)'_:’ =\
x l '
— Jt T d_.?."':- — -
> ;J-f Y \ = W’)&]
;ﬁ; =2t % >
\_//_\/—\
0\'\"'\/\- éL"’“‘Q’)
D e
u}fr | = {222 = <
e | = =037z 2
Uit “/



Chapter 1. Differential Calculus

APSC 172 Winter 2023
Example 6.4. Let the output z be determined by two
inputs x and y according to the formula: X
z=f(xy) =x%+3xy —y? ’
f( }’) y—=y Z:x2+3xy_y2 < >/J_\
) € =
)\() /r‘J

Suppose our base values are
xo S 25 yo =10

zy = f(25,10) = 1275
(a) Suppose that at the base point, the inputs are changing At rate x = 0.3 and y = 0.2. Atwhatrateisz
dy
- = |
Tt @ %=, 00

_ changing? [Answer: 7 = 35]
j_j: * G_L- _32’ 2% + 2 22 -
3 {J C 1 oo 9 )33‘- = SOf3¢=
Noad oo oot D -2y (22| ~2 -_-\s’
= (3)(0.d) + (502D \d:)
(oatls oF )

a2 - 25
Ot Einmme
L
“LJ ‘P/M.

Ak
(b) Find the equation of the tangent plane to the graph z = f(x, y) at the base point (25, 10).

[Answer: z = 1275 + 80(x — 25) + 55(y — 10)]
- D% -
2= 20 t22 (e-%,) £ s (Y N,

To 5,,—\ Plo\.\g

K’— _ 50 (k-25) + 55 (Y1)
Ax=—2
Qt'j?-“l'/l

(c) For the function defined above, suppose that x changes from_25 to 23 and y changes from 10 to 11.

- MCalculate the real chapge Az and the differential change dz.
ges" [Answer: Az =-108, dz = -105] e
az = i"‘u-Q) Jo3 J AZ";?(zs_)”)_-F(Z-S_‘ IQ)
@»&_ y23)(11) - ul) —123¢

— | GF —\LFS

\

T S sy
(x)= (26,10 '\'5-'()"** Pl““’”
-— __—;‘_ J PL:«TL = 108
s e fBOS b d C oS -
Derivatives page 24
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T~ 2=
Example 6.5. A function of three variables. The temperature at the @_I =() )C_U -\-()C-) e-\‘j (—l)

point (x, y, z) is

T(x,v.z) =xe¥?"* QT

(a) A bug is at the point (2, 1, 2) and is flying through the air. Find a-tj
an expression for the rate at which the temperature of the air

around it changes in terms of the rates of change%{its coordinates aTaz —
%,y and z. [Answer: T = —x + 4y + 27] cl_r .
. - at
Chote T 5T 820, 37 dy 49T 42
2, g™ =z It ,Ed;t ad At &E altt
-;(' 'h '.2-_ k- (4 Y7
= EY s s (M) 2
—

(b) Suppose the path of the bug is described l@the edquation

x] t+2
yl=[t?+1
Yot /(2175 ;

where tis time. Using the temperature function™s

rate does it experiefce the temperature changing a

[Answer: -3] =1 | t~o
— i . . | 0?5
n‘=2‘ 5 8° \ D= =) (@) (0) +261)
2=l 1L ] = -3 YL

(c) Suppose the bug in part (a) flies through the point (2, 1, 2) at spegd 1 in the direction of the vector
[1, 2, -1]. What is the rate at which the temperature of the air around it changes? [Answer: T = 5//6]

>

5 x = l/rs
[\ 2 _ﬂ Z._:, :0 = L{rg
\‘) 02; - _L{r
- 6

?\f’ (l_)\t"t':z_c.‘..'\'tc."\r\‘r I\E“jl]h\luﬁd

Sc,..'u.d Lio‘ﬂ AT A
o reln lomgin L

T = VT “’“ =[-Lu2) (D2 ;—Q)

L

T .;T S d.> _

Sx &tl LM df)dﬁ :(:\+8 2): ?
) e ¢

6 mA tf—v\.)f g “iq r oAGE 26 Derivatives page 25
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a maximum error of 2%, what is
e “real” D (as a function of v

X 6a"
s T
° 2 =
= A~ A lAd A
DCM-_) 9) =~ s (2&) D(IO 3/l ): 22 sialx)
J ot T s 1€
S

‘/’-—_@MH: o+ &3 :K\'k :'\-‘qu 2-—1'6\3

) /7 2% ofF o S
N = ~ —~— __//" em—o-c‘: | +0.02 = |L.o2

/W::Cm = 00— o.n= Cf? \ e“ =1 ~ 2%
OSmin = [(—0. 02 = 0.9

30-____3_—__ Dmo._,( /wus:;" e f A \c».r?&*-

---"'""-'-—-F._‘

( m-&-»,() MiAJZQMY) gilO-OlQ ‘
A ¥

1Y

10,’5 0.3 -
w \ad 2 O-?sﬂ
1

omd Dm‘u\/ ot et Smedar D
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l\

<
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