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APSC 172 Winter 2023 Chapter 1. Differential Calculus

8. Optimization--max and min - a Yo SoFim 5
One variable. \ Qe
We start with a fast review of(the_g ahle-sifuation. C AN
mrt P
A critical point of a function f{x) is a point x = a at which the derivative is PO \‘h Lo~ )
zZero:
f'(@)=0.

At such a point, the tangent line to the graph y = f(x) is horizontal. (
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A standard result is that an interior local maximum (hilltop) or minimum X~ 2
(valley bottom) of f{x) will always be a critical point. This is geometrically 4 o & (S
quite intuitive, but it is rewarding to review how a rigorous argument S
might go. Of course it will depend on the definition of the derivative. c it pb}d,s
The interesting question goes the other way. Suppose you have a critical —_

point. How do we tell if it’s a local max? Or alocal min? And what other
behaviours are possible?

The 2nd derivative test. If x = a is a critical point ofﬂx) then J
if f”(a)>0 then a is a local min .__:;. \__/ / \
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if f"(a)<0,thenaisalocal max )
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/[ if f"(a)=0, then the test fails

\ Yo
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Geogebra 3D surface viewer
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Two variables. P
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Chapter 1. Differential Calculus

A critical point of a function f{x, y) is a point (a, b) at which lgg_gb partial derivatives vanish:
jg_(a,b):O i%(-l é{a,b):o.
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At a critical point, the tangent planpe tg the graph z = f(x, y) is h rizontas I S € ‘P :
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Max and min and saddle ZT =%y o3 our

By analogy to the one-variable case (and with a similar argument), a local maximum (hilltop) or minimum
(valley bottom) of f{x, y) will always be a critical point. But how does the converse go now? Suppose we
have a critical point. How do we tell if it’s a local max or min? And what other behaviours are possible?

Example 8.2. Construct a function f{x, y) which is a @

strict local min at the origin when restricted tox (i.e.
along the line y = 0) and is a strict local min at the origin
when restricted to y (i.e. along the line x = 0), but is a
strict local max at the origin when restricted to the line

X=y.
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The two-variable second derivatiye test.

T =

Suppose that (a, b) is a critical point of the function f{x, y), that is, both partial derivatives are
zero. Define the quantity:

. -k
.= D(a, b) = fu(a, b) fs(a, b) - [fw(a, b)]> oot S;FJ‘ g%

Then there are three cases:

1. D> 0. In this case note that fix and f,, cannot be zero and must have the same sign at (a, b)—
otherwise D would certainly be negative. If they are positive then the surface is concave up
and we have a local minimum. If they are negative then the surface is concave down and we

have a local maximum.

2. D < 0. In this case we have a saddle point, that is, we have a local minimum in some
directions and a local max in others.

3. D =0. In this case the test fails and we need to look at the function in more detail.
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APSC 172 Winter 2023

Example 8.3. Find and classify the critical points of
f(x,y)=x4 +y4 —4xy+1.
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APSC 172 Winter 2023 Chapter 1. Differential Calculus

Example 8.4 @ nd classify the critical points of

Fy)=x> +y> =15(x + y) + 3xy*.
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