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Infinite Series and  
Power Series 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1.  Series: general concepts 
2.  Alternating series 
3.  Power series  
4. Taylor and Maclaurin series  
5. Approximating functions by polynomials 
6. The great Leonhard Euler (1707 – 1783) 
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1.  Series: General concepts 
An infinite series is an infinite sum of the form: 

 . 

Define its nth partial sum sn as the sum of the first n terms: 

 

If the sequence {sn} converges to a finite limit s as n approaches infinity, we say that the series 
converges, and that s is the sum of the series and write.   

 

If the series fails to converge, we say that it diverges. 
 
Example 1.1.  In each case does the series converge or diverge? 
 

(a)  

 
 
 
 

(b)   

 
 
 
 
Example 1.2.  Find the partial sums of the series: 

 

Provide an intuitive argument that the series converges and find its sum. 
 
 
 
 
 
 
 
 
 
 
 

...321
1

+++=å
¥

=

aaaa
n

n

n

n

k
nn aaaaas ++++==å

=

...321
1

n
nn

k sas
¥®

¥

=
==å lim

1

...4321
1

++++=å
¥

=n
n

...11111)1(
1

1 -+-+-=-å
¥

=

-

n

n

...
2
1...

16
1

8
1

4
1

2
1

2
1

1
++++++=å

¥

=
nn n





APSC 172 Winter 2024 

Series page 3 
 

Chapter 2 Series 

Example 1.3 A series in which each term is obtained from the previous term by multiplication by a 
constant r is called geometric.  If we denote the first term by a, the series has the form: 

 

Show that the series converges if and only if |r| < 1, and in this case its sum is s = . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

As an example, find the sum of the geometric series:   

 
 
 
 
 
 
Note.  Most of our work here will be with series that have a strong geometric-series character, that is 
they have the form  

 

for given coefficients an, and this will enable us to decide whether they converge and to find their sum.  

An interesting example is the arithmetic-geometric series:   

This series converges for |r| < 1. Can you find the sum? 
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Example 1.4. Does the harmonic series   converge? 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 1.5 What’s the story for the series ? 
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Harmonic Series 
some partial sums: 
 
s10  =  2.92 
s100  =  5.17 
s1000  =  7.48 
s10,000  =  9.87 
s100,000  =  12.09 
s1,000,000  =  14.39 
s10,000,000  =  16.70 
s100,000,000  =  19.00 
 
 

“Euler” Series 
some partial sums: 
 
s10  =  1.54977 
s100  =  1.63498 
s1000  =  1.64393 
s10,000  =  1.64483 
s100,000  =  1.64492 
s1,000,000  =  1.64493 
s10,000,000  =  1.64493 
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Example 1.6.    Find the sum of the 
arithmetic-geometric series:  

!"#$
%

$&'
= # + 2#+ + 3#- + 4#/ + ⋯ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The arithmetic-geometric series:  

# + 2#+ + 3#- + 4#/ + ⋯ = #
(1 − #)+ 

  r       

  r2 r2      

  r3 r3 r3     

  r4 r4 r4 r4    

  r5 r5 r5 r5 r5   

 .  .  .  .  .   

 .  .  .  .  .   

 .  .  .  .  .   

       

      
 

sum of 
all  
entries 
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Convergence test for alternating series. 
Consider the alternating series 

!(−1)$5'
%

$&'
6$ = 6' − 6+ + 6- − 6/ + ⋯								(6$ > 0) 

If   
     (i) the 6$ decrease with n 

     (ii) and approach zero  

then the series converges.   
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2.  Alternating series.   
 
Recall that  

:$ = !;<
$

<&'
= ;' + ;+ + ;- + ⋯+ ;$ 

is called the nth partial sum of the series  

= = !;<
%

<&'
 

We say that S converges to the limit s if the partial 
sums :$ converge to s as n approaches infinity. 
 
A series is alternating if the terms alternate in sign.   
 
For example, the geometric series: 

 

is alternating and converges to 3/5.  
 
Example 2.1.  An important example is the 
alternating harmonic series: 

 

Does it converge or diverge?  
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Error estimation for alternating series. 

Suppose that an alternating series  ( ) satisfies  

(i) and (ii) of the convergence test.  Then the “error” in approximating its sum s 
with the nth partial sum sn is less than the absolute value of the first omitted term: 

|: − :$| ≤ 6$5' 
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If a series converges, then its partial sums sn converge to its sum s.  Thus, by taking sn for a large 
enough n, we should get a good estimate of s.  The trouble is, we need to know how big to take n (i.e. 
how many terms to take) to obtain a desired measure of closeness.     
 
 
 
 
 
 
 
 
 
 
Example 2.2: How many terms of the alternating harmonic series: 

 

do we need to take to get within 1/100th of the sum? 
 
 
 
 
 
 
 
 
 
 
 

Example 2.3.  Find the sum of the series  correct to three decimal places (i.e., 

with error less than 0.0005). 
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3.  Power Series  
A power series is an infinite series of the form: 

   or    

whose terms are ascending powers of x or more generally of (x–a).  When such a series converges, its 
sum will be a function of x.  The question we will be asking here is the reverse––given a function f(x), 
can we find a power series that converges to it in some x-interval?   
 

For example, the function  is recognized as the sum of a geometric series and that gives us 

a power series expansion 

 

that converges for |x| < 1.  The interval of convergence of a power series is 
the set of x for which the series converges.   
 
 
 
 

Example 3.1.  Express  as the sum of a power series in x and find the 

interval of convergence.   
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The interval of convergence 
is always centered at x =a—
except that we may or may 
not have convergence at the 
endpoints.  The radius of the 
interval is called the radius 
of convergence of the series.   
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Example 3.2.  Express  as the sum of a power series in x and find the interval 

of convergence.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Differentiation and integration. 
It turns out that under standard assumptions of continuity, differentiability and integrability, we can get 
new power series representations out of old by differentiating and integrating.  Also it can be shown 
that, except for the end points (which we will treat as a special case) this process leaves the interval of 
convergence unchanged.   
 

Example 3.3 Obtain a power series for  by recognizing it as a derivative. 
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Example 3.4.  Find a power series representation for ln(1+x). 
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Example 3.5.  Find a power series representation for tan–1x.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 3.6.  Use a power series representation to approximate  correct to 

within 10-7. 
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3.7 General summary of section 3—finding power series. 
 
The “Go To” example is always the geometric series   

1 + # + #+ + ⋯ = 1
1 − #						(converges	for	|#| < 1) 

 
1. Use algebra: 

J(K) = 1
K + 2 

 
 
 
 
 
2. Use derivative: 

J(K) = 1
(1 − K)+ 

 
 
 
 
 
 
 
3. Use integral: 
J(K) = ln(1 + K) 
 
 
 
 
 
 
 
 
 
 
 
4. Substitution or derivative. 
 
J(K) = ln(1 + K+) 
 


