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4. Taylor and Maclaurin Series

We have been using a power series Zc x" = CW +... to give us a syste

n=0 frm s Co-bn 3 (X, xR 2577
approximation of a given function f{x) by a sequence of polynomials. We have pomted out that the

interval of convergence of such a series is centered at x = 0. But sometimes we are interested in
studying a function in a neighborhood of another point x = a. In that case we use a power series
centered at x=a:
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f(x)~ ch(x—a)n =¢ +cl(x—a)+cz(x—a)2 +c3(x—a)3 +...
n=0

and its interval of convergence is centered at x = a.
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Given the function fapd the point x=a how do we find the coefficients cn?
There are different ways we might answer this question depending on where and in what way we want

the approximation to be good. The approach we use is to make the function and the series have the
same values of the derivatives of all orders at x = a.

The question we ask here is: \D' \_‘_&J_J
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and repeatedly differentiate both sides, each time evaiuating at x=a, to obtain formulae (__ N
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Taylor Series
If a power series centered at x=a converges to a function f(x) in some interval (a—R, a+R) for R > 0:

n
f(x):limzck(x—a)k fora—R<x<a+R
n—o00 - ..\,\'\ .
k=0
then < ¢ dsaans
_ @
D«

and the polynomial
n (k) ' " (n)
T,(x)= kZ:;)—f k!(a) (x—a)* = f(a)+ /@ fa) é— ay+ —fz(!a) (x—a)’ +..+ /@ n!(a) (x—a)"

is called the nth degree Taylor polynomial for f at the point x=a. The infinite series is simply called
the Taylor series for f centered at x=a.

Note: the special cas's sufficiently important it is given a name of its own and is called the
Wries for 1.
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Example 4.2. (a) Find the @aurin series for f{x) = e*.
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(b) Set x=1 to obtain a famous series expansion for e. [y
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Summary: The nth Taylor polynomial

To(x) = co + c1x + %% + c3x3 + - + ¢, x"

! i nr (n)
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T.(x) = f(0) + Xt 30 "
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Describe the graphical significance of ﬂ)‘for n=0;1and 2. (_M\* _s— .
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Example 4.3. Find the@n series for f{x) = sinx. Use technology to draw graphs of successive V

Maclaurin polynomials and observe the progress of the convergence.
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[Note: Use the simple idea of working with the series for sin which we already have. Of course, this
indirect approach leaves open the question of how we know that what we got is in fact the Maclaurin
series. There is a theorem which tells us that such indirect methods always give us the genuine article.]

Example 4.4. Find the Maclaurin series for f{x) = xcosx.
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Example 4.5. Find an upper bound on the error in the approximation

s 3 5
Tq_’ pr_im% sinxz(‘])"s(x)=x—);—!+%:g

at x=2 and x=3. Check your results by comparing the values of sin and 75 at x=2 and x=3 and

interpret these with the graphs drawn below.
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Example 4.6. By calculating successive derivatives, find the Maclaurin series for &=
flx) = (1+x)F where k is any real number. o <=0
[
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5 (14D On _ S(x) ; : x
e (1+x) :} Ay
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- \ 2 | k(k-1)1+x)f2 & A< k-]
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| o< 3 k3 | k(k=1)(k-2)
This gives us the series: k(k — Dk —2)1 +x)

k k(k—1 k(k—1)(k—-2
(1+X)k=1+Ix+%x2+( 3)|( )x3+---

Note that if £ is an integer this will terminate, and we get the familiar binomial theorem.
Otherwise, it goes on forever and we get an infinite series which converges for |x| < 1.
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Example 4.7. Find the Maclaurin series for f(x) = \/41_ . Give an explicit formula for the nth term.
—X

The first thing we need to do is turn the 4 into a 1, and we do that by taking it out of the square root.

This gives us

(-3 -
A ) P o o P o o o O

1 1(x) 1:3(x) 1-3:5(x) 1.3-5-7(x)*
=—|1+=| = |+——| = | + = +..
21 2(4) 222\ 4 233 \4 244 \4

(., 1 13 5 1353 1357 4
=—|1l+—x+——x"+ X7+ X+
20 8 g2» 8331 8441
The nth term is =—( 33 (2n I)an.
2 8" n!
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Example 4.8 Use a Maclaurin series to approximate the value of J.e_x dx with an accuracy éf 0.001,)
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5. Approximating functions by polynomials.

Chapter 2 Series

We can use a power series to get a polynomial approximation to a function on a given interval. The
question is how many terms of the power series we need to get a desired accuracy. We already have one
way of answering this question—if the series is alternating and satisfies the assumptions of the alternating

series test, then the error is less than the size of the first omitted term. This is

a very simple test and, in

X

the examples below, we will use it whene re can_But if the power series is not alternating, this result
won’t help us. Here’s a theorem that will: ,_l
[ o~
.- ) '
Taylor’s Inequality. F— Al l-"\ p N
For any value of x, the error in thTaylor polynomial approximation: /
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where d = |x — a| and M is an upper bound of | f+D (x)| on the interval A= 5-322
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Example 5.2. Approximate the functio a Taylor polynomial of degree 2 at x = 8.
aterval [7, 9]7

@ —%

How accurate is this approximation on tire
[When x < 8, you’ll need to use Taylor’s Inequality.
.‘l ~ Oe [ w5 = %

Solution. o~ Seb
Gt ARG x=8 Cn 3
% ?bk 2 2
! (1/3)x—2/3"f“ (13823 | Divby !
2 | C29)x53%t 2/9)85/3 | Divby 2!
3| o3 | (1027)8783 | Divby3!

We use a table to calculate the coefficients. I have not simplified the expressions as [ want to be
able to focus on the form of the terms of the series. First note that in the first column (the
derivatives of f) the signs alternate from n=1 on. Here are the Taylor polynomials of degree 2

and 3:
-2/ -5/
Tz(x) — 2+%(9€—8) _%(x_{gy
2
-2/3 £)g8-5/3 -8/3
neo -2+ 0o QR avemen

2! 3!

Is the Taylor series of this function alternating? The answer is yes as long as all the terms

(x — 8)™ are positive. Otherwise it is not. Thus, we have an alternating series for x > 8 but not for
x < 8. Thus, our error analysis for x > 8 can use the alternating series estimate, but for x < 8 we
will use the Taylor estimate.

Case 1 (x> 8). The series is alternating. Here our error estimate will apply to the interval [8, 9]
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Case 2 (x < 8). The series is not alternating.

Chapter 2 Series

n f(n) (x) x=28 Cn 3

0 | 13 2 2 %) N SR I S S N S——

1 (13)x 213 (1/3)872/3 Div by 1! N :

2 | (29)x53 | (2/9)853 | Divby?2! :

3 1 aonnx®? | (0278783 Div by 3! 0 S O e e slg —

i

Here our error estimate will apply to the interval [7, 8]. As a reminder, here is the degree-3
Taylor polynomial:

2 _
5/3 (10/27)8 8/3
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6. The great Leonhard Euler (1707 — 1783)
Example 6.2 Does the relationship between the

following three series, lead to any interesting
formulae?

30,5 7
smx=x——+———
357
2 4 6
cosx=l-—+—-——
20 4 6

2 3 x4 x5 x6 x7

x X X
e =l+x+—+—+—+—+—+—..

20 30 4 5 6 7!

Chapter 2 Series
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Example 6.2 Investigate Euler’s formula for the sum of the series:

1 I 1 1
Z—=1+—+—+—+...
2 4 9 16

n=11
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