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1. Double integrals: basic concepts. 
 

If f(x, y) ≥ 0, the volume V of the solid lying below the surface z = 
f(x, y) and above the region R in the x-y plane is called the double 
integral of f over R and is written  

V  =  . 

 
[Note: If f(x, y) is allowed to be negative, the integral gives us a 
“signed” volume where volumes below the x-y plane are counted 
negative.] 
 
Example 1.1.   
The volume over the disk D  =  {x2 + y2 ≤ 1} lying below the plane  

 

and above the x-y plane is written   

. 

 
 
The volume V of the solid lying below the surface  

z = f(x, y) 
above the surface  

z = g(x, y) 
and “over” the base region R in the x-y plane is written  

V  =  . 

 
 
 
 
Example 1.2.  The volume of the solid above the parabolic bowl  

z = x2 + y2 
and below the plane z = 4 
is written   

. 

where D is the disk:  
D  =  {x2 + y2 ≤ 4}. 
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Here is a wonderful general principle for calculating such volumes.  You’ve already seen special case 
of this in the method of calculating volumes of revolution.  For example, you already know how to 
calculate the volume in Example 1.2 above by slicing the solid horizontally into disks and integrating 
the area of the slices.   
 
The sliced potato principle. 
Suppose we have a general solid in 3-space (think of it as a 
potato).  Suppose that if we slice it perpendicular to some suitable 
axis, say x, we have a way of calculating the cross-section area 
A(x) at x.  Then the volume of the solid is the integral of these 
areas A(x) over the interval containing the solid.   

 

Note that this is a natural generalization of the standard formula 
for calculating the area under a graph with an integral or (perhaps 
more generally) of calculating the area between two curves.    

 

 
Example 1.3.  Use the sliced potato principle to calculate the 
volume of the solid in Ex. 1.2: 

. 

where D is the disk of radius 2:  
D  =  {x2 + y2 ≤ 4}. 

[Answer: 8π] 
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B
h

Example 1.4.  Use the sliced potato principle to calculate the volume of a cone with height h 
and base of any shape with area B.   
[Hint: It’s technically easier if you take z=0 to be the vertex of the cone.]   
Answer: Bh/3. 
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Example 1.5. Use the sliced potato principle to evaluate the double integral  where R 

is the rectangle {0 ≤ x ≤ 2, 0 ≤ y ≤ 4}.  Do this in two ways: 
 
(a) Slice perpendicular to the y-axis 
(b) Slice perpendicular to the x-axis. 
[Answer: 96.] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Observe that this approach has calculated the volume essentially as an iterated integral.  The two 
calculations are: 

(a)   where the inner integral treats y as constant 

(b)   where the inner integral treats x as constant 
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Example 1.6.  
(a)  Use an iterated integral to evaluate the double integral  where R is the  

rectangle {1 ≤ x ≤ 2, 0 ≤ y ≤ π/2}.   
 
(b) Write the integral that you get by slicing perpendicular to the x-axis.  
(c) Do the calculation by slicing perpendicular to the y-axis.  [Order sometimes matters.] 
[Answer: 1.] 
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2.  Double integrals over general regions. 
 
Example 2.1 Find the volume of the solid that lies under the plane z = x + 2y and above the region D in 
the x-y plane bounded by the line y = 2x and the parabola y=x2. 
[Answer: 28/5] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The big idea.  The sliced potato principle allows us to convert a double integral: 
 

 

into an iterated integral: 

 

where in the inner y-integral, x is held constant.  
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Example 2.2 Evaluate the integral  where R is the region bounded by the parabolas  

y = 4 – x2  and  y = x2 – 2x. 
[Answer: 9/2.] 
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Example 2.3 Find the volume of the tetrahedron bounded by the planes   
z = 2 – x – 2y,    x = 2y,    x = 0,   and   z = 0. 

[Answer: 1/3: can you deduce that from Example 1.4?  There’s a lovely geometric argument.] 
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Example 2.4 Evaluate the iterated integral   by interchanging the order of 

integration (represent it first as a double integral).   
[Answer: (e – 1)/2] 
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