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3. Polar coordinates.

Polar coordinates. For the point (x, y), we take

r to be the distance of the point from the origin, and

0 be the angle the line from the origin makes with the positive

x-axis. Then y
x =rcosd
y = rsinf ( T, ) C(?J’Ucd‘_;
r = is called the modulus of (x, y). = % ~F% Vs
0 = 1is called the argument of (x, y). N ( = ‘j) Coacid
(> o~ 0z opprledy = “Ix -
Example 3.1. Let (x, y) have modulus » = 4 and argument o
0= 77/6. Find x and y. Dravs & AL ST -
'_‘g_ o= r—- [ -39 &
~ - FT) o2 2
L“{(’ . = L\ (,-5‘5-("6 ,
SN o |2
SAVERE /o
\L A [ s [ 1
,6‘* ., =3K YW= & T\
(7/)L - . &= ¢ ~ucsin(ZT)=-2
et’s go the o"fhﬁmw do we find  and € in terms of x and »?
- s pu -~ 5)‘ j E ot
= AR o T -IQ i Gy )
(ﬁ e —> ) +-
S = c_’\.q\,\( /)L,J ) 1(—‘ >* thcg.. e
\ [, T
Example 3.2. L> on KAy 6 5 J

(a) Let x =4 andy =3. Find rand

u, 3) _ |2t yu® = 5

O'\""}"_‘"N | C c=4J3 - _
= —

2 & = archon (T1q)= 064 4

Hooy

(b) Let x =—4 and y'= 3. Find r and 6.

0—‘&3(&% (_&_; =

) ° O 2 o)
- N \
& | > e = carc oo ( pen-T 4_"\_‘]“
( - -
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Example 3.3. Integrating in polar coordinates. |
When calculating a double integral [[ £ (x, ¥)dA it will be d
R

sometimes much better to use polar coordinates to work with the
base region R and in this case, the question arises as to what the
differential area d4 should be. When working with Cartesian
coordinates, d4 was the area of a differential rectangle with sides

dx and dy and thus, when we moved to an iterated integral, d4 ¢
turned into the area dxdy of this rectangle. For the rectangular
region at the right:

v\ = i Ct")ahié)(:f)

A A Chapter 3 Integration

2
dA = wn

dx

db
[[reeyda=[[ 1y = S
R ca

Suppose, however, that R is a polar rectangle, define

inequalities ) <0< 6> and r1 <r<r>. Then, if x/y) couldbe —_]
readily expressed in polar coordinates, we might want to use ]
those coordinates to do the integration. Thinking about Riemann —]
sums, we’d decompose the region into differential polar —
rectangles with angular width d6 and distance from the origin ~ —
increased by dr. But what is the corresponding differential area — |
dA in terms of df and dr? Is it the product d0dr? —]

Convince yourself that when integrating over a region in the x-y
plane using polar coordinates, the area d4 of a differential polar\A
rectangle must be converted to rdrd6. =
s
@

dA=rdrdd
- = (';‘dﬁ') df

i/ / vde (wm) L)

Ah - racde

B

Calculating a double integral using polar coordinates: [f e f(r,0)dA = I

a

r=h(0
j £(r,0)rdr |do
r=g(0)

W.»&x‘\ \'\‘RS‘ g_éa‘lﬂ* L\SL‘\F‘
v 0 pelor Con s

R OS8R
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Example 3.4. Use polar coordinates to calculate [[yx* + y*dA 2, .2
7 A = et e r:_ \JX- {-J

where R is the disk {x*> +?><1}. t= | [7—-__ '2_.‘__ L
[Answer: 27/3: can you deduce that from Example 1.47] - 1)
0 Q D:Q
GOl e Siep ' pelar
N P 5 < _"’;’\;\5 ﬁ
(_OQTQ\S
)Y e &8
X 't"
N
L‘Y‘ =1 \Y
P
:5 S T -(focde
- =S
o0 O gt reple®
ISy &= 2\
2 =
> T - T OF e o=\,
Seb
g o 72 o =\ ‘S
’ _,'ﬁ 6= A~ 3 c e\ 2 \
& S S a \ do = )& j 1
- r=o0 ~ PAl
o221 5=0 o & N
Example 3.5. Let E be the solid bounded by the plane z = 0 and the paraboloid z . \ o
=1 —x?—y*. Write an iterated integral for the volume of E. [Answerl - 2 S
27 3 = \"" S |
.[o Ior—r drdd | K _¢ ,,"‘- 9 ) o= \/«5 ()
pA ) = ;...Tr_
\ =T 3
e
-J
C shepe™ g

. 7=
C_‘\r*:.-li- w( N*L“S(l'
ke
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Example 3.6
Write an iterated inte
four-leaved ros¢

atq polar coordinates for the area enclosed by one loop of the

[Tech-help: [cos? udu = Ju+ %sin(2u) ]

[Answer: 7/8.]
S = - &AA

Q“\\QJ' \]6‘ =

xy ()Lo..-\..k
- AE_QA = 351- AA
° VA
K % Voo
9 ¢
'_.‘.-(-- = C_AS[‘?-&')

R N
uc:.“ﬂ/z_ A )
- j AN LQ’S'ZC"\3 (Z_ ™
A
="
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N foos™ udu = T+ sin(2u) ]
A Cas o Al
_ % o= T,
S )
_\_ S 1 ~

= 0 Lue -
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Example 3.7 Use polar coordinates to find the volume of the solid
bounded by

the x-y plane, 2

the cylinder x> +)2=2x, ~> (<=\) * ‘32—: \
the paraboloid z = x* +y?.

1 ) .
[Tech: fcos4 udu = Z(cos3 u)sinu + %cosusmu +—-u.]

[Answer: 37/2.]

Chapter 3 Integration

:{"'3
:_\T{ A= &Qmé\w_j > svﬂ -
s} 20—
Do ) or 3
u

)|

S oy
r( ~— 2ws®) =0

v .
— 61N
Y =0 P

A

< 4

3‘1_\_ (rese) —0) de :
U('

%y,
N

Y S ’ Cos' @ d& <k
-7y

_2asbe — |
. —o 12’)‘56/ ‘
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1 . 3 . 3
Icos4 udu=Z(cos3u)smu+§cosusmu+—u.] & = n}l

VL e
- q_\__cc,s e A B T2 ese SN 5

u (8 @2,1'92
3 (Y ]m“ﬁo Cos ML,=0
= L_\[ o.\—@%%@(“@_))‘—'(o o+ %( é)) LO:L(‘%J:Q
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4. Centre of mass.

Imagine we have a seesaw running between x=2 and x=6, and an

adult at x=2 weighing 3 times as much as a child at x=6. Where -

should the fulcrum be so that the adult will balance the child? X

The answer is that it should be 3 times as far from the child as 12 3 4 5 6 7

from the adult. And that places it at x =3.

If the adult is 3 times as big as the child, the child should be 3

times as far from the “center.” . X
. 1 2 A 4 5 6 7

Another way to say this is that the products of the mass and the

distance from the center must be same for adult and child:
my (X —x;) =nmy(xy —X)
where X , the position of the balance point, is called the center of aJQ ‘\4:‘3' (de
mass. Solving: é (7&' lac. ) . (m oS
T— w,.étq-r @ mlxl + m2x2
0{; PN

ml +m2

This equation displays the center of mass x as a weighted ]
average of x1 and x> where the m; are used as weights: )
3-2+1-6

EETR () P9y

More generally, suppose the mass is continuously distributed over _
the x-axis with density p(x). Then the center of mass formula o W Q{\B

becomes: \ o< s ( '2,)
e A e \cj/ 2’5 o \

For our example: x =

)
b
. fabxp(x)ax 1 LIZ xp(x)dx \T//L/
D [, p(x)dx M

2w - \(—":3‘*\‘"
where the total nhass M is the integral of the density.

TokR mesy I/ =~ =
Finally suppose the mass is distributed over a planar region R.
Then the centroid will have two components (x, ). The first will

balance the masses in the x-direction and the second will balance
the masses in the y-direction. The formulae are:

[ x0(x, y)dA
CJIR px, y@
5o ([ yp(x, y)dA4

= (lk p(xf,y:%

- —‘(G\'C& MmASD

X

— ot A

1
:HHRyp(xay)dA
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|

Example 4.1 Let E be a triangulgr lamina with vertices (0, 0), (1, 0) and (0, 2) and
density function is p(x,y) = x. Motk s & 9
(a) Find the mass of E. [Answer: M = 1/3]

M oss  on O~ .Sw—x\\ c“‘c A~ e

dns o A
Q) - @) =0)
_ (=) A
— _ A
lf\;é ’;’:\;’(55 B Bg * ch _‘2.—2.><

= !
ngaaw - 5%5\5 *
= N - =9
IR
7=0 (b) Calculat rdinates of the center of mass. [Answer ‘-3 =0
X,y)=(1/2,1/2).] /

S( (1—-1::..) — - 0) Au
ek = 59 \

3
ra
'?_‘)c.—-l?-?_ Ax. = 2} o 2.__::_’_ \
2 3 G

sy (o) <y 37
M= Yo =

TE nd S?_,\ x <enter of eSS,

\ng‘% A (O

—;._ ':FE\_S T_\ {DQ“ d&) S0 Sowwo
MNGS .
L ‘Q‘\J:'\j ~e UV:J‘J‘ éf 5 lt'UUE O{\ ‘-\_'Lv_jrwj‘m
\ Lo:'Z:'ZJC.
= Ao A
- o -
= ; ) g gt

=3 . \
° ) seb 93
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Example 4.2. Find the mass and center of mass of the semimr-c\ljili lamina '\—r—'\vj Q_({ Ans t SL\,NQ
(2P 1y20) ISR — O

if the density equals the distance 7 from the origin. T =
[Answer: M = /3, (x,y)=(0,3/27)].]
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