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5.  Triple integrals 
Here we look at problems in which we have a function f(x, y, z) of three 
variables and we want to integrate it over a solid region E in R3.  This 
will be written as the triple integral: 

. 

For example, if the temperature at a point in the region E is  
T(x, y, z) then the average temperature over the region will be: 

 

where   

 is the volume of E. 

In the examples we will work with it will always be the case that there 
is an axis (say z) for which (if we think of it as pointing “up”) the 
region E will be described as all points lying below the top surface z = 
H(x, y) and above the bottom surface z = L(x, y).  Then the triple integral 
can be written: 

. 

Once the dz-integral is calculated, the integral over R can be done in the 
usual way, either with Cartesian or polar coordinates.  If we use polar 
coordinates in the x-y place the 3-D coordinate system is called 
cylindrical coordinates. 
 
 
Example 5.1.  Evaluate the triple integral  where B is the 

rectangular box:   
B = {(x, y, z) | 0≤x≤1, –1≤y≤2, 0≤z≤3} 

[Answer: 27/4.] 
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Example 5.2.  (a)  Evaluate the triple integral   

where E is the tetrahedron bounded by the four planes: 
x = 0, y = 0, z = 0  and  x+y+z = 1 . 

[Answer: 1/24.] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b)  Does your answer allow you to easily find the centroid of E? 

òòò
E
zdV





APSC 172 Winter 2024 

Integration page 21 
 

Chapter 3  Integration 

Example 5.3.  Evaluate the triple integral  where E is the region bounded 

by the plane z = 4 and the paraboloid  z = x2 + y2.   
[Answer: 128π/15.] 
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Example 5.4 Find the centroid of the region bounded by the parabolic cylinder  x = y2,  
and the planes  z = x,   z = 0, and   x = 1.   
[Answer: M = 4/5,  = (5/7, 0 5/14).] 
 

),,( zyx







APSC 172 Winter 2024 

Integration page 23 
 

Chapter 3  Integration 

Example 5.5 A solid E lies inside the cylinder x2 + y2 = 1, and 
between the plane z = 4, and the paraboloid  

z = 1 – x2 – y2. 
The density at any point is equal to its distance from the axis of the 
cylinder.  Find the mass of E. 
[Answer: 12π/5.] 
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Example 5.6 Evaluate  . 

[Answer: 16π/5.] 
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Example 5.7 For the integral  change the order of integration to 

dydxdz.   
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