Week #2: Vector Spaces

e The addition and scalar multiplication operators
e Axioms of a vector space
e [dentifying vector spaces

Don’t forget to log in to https://qlicker.queensu.ca at the start of the lecture.
Qlicker enrolment code is QM3CXK

A Qlicker question is open now.

(Fri) - We will also have EngSoc announcements.
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Section 2 - Vector Spaces
A vector spaces: combined with two specific functions.

Definition: A real vector spaceV isa slong with two functi

\Jl. An addition map/operator called “+”.

(DWW xV)=V __ siagle et

@,@_U):anw

2 Nents oy V

2. A Scalag multiplication map/operator called “-”. el o e <o R

(@, w) = a-w

if those functions satisty specific properties.
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Note: The ‘real’ in ‘real vector space’ comes from the scalar multiplication part. It we let
people multiply by e.g. complex numbers, C x V', then we would be building a ‘complex

vector space’.

We will stick mostly to real vector spaces thankfully!
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Example: the way we usually use it, the set of real numbers R fits the defintion of a ‘real
vector space’. U= n

|
+:(RxR) =R s
(a,b) = a+b

eﬂ.%ngLﬂ - A3IU = F

BT 3K

((RxR) =R
(a,b) — ab

(2, > a7 =10



c,v\.'ilwﬁ‘&/

Example: Also, the set of functions C'°°, infinitely differentiable functions, is a real vector

—

o
space. CAS C 2
o) 5 o

A Uﬁhf
@(COO xcoo c* -

{WI

PQL,\:\ \03 0’)5 d SQVV‘*-
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(R CT) = C™ oo poiad
:3'0{/\ - 3
(/fC\L)f(g)):a/f aj) gCoDC;_S_ /VA"M \O\\&r
LU el

- — ?3 g\A()L)
2 o)) =
( %U&N R wdti Pl e
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Now we hold up for a second though: we haven't actually defined ‘addition’ and ‘scalar
multiplication by a real’. In two previous examples we just did what we usually do, but
without knowing how that might work in other contexts.
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With those two operations in place, V is a real vector space it the following axioms hold.
0. Both the + and - are well-defined functions. o~ VxVU R xVU —= V

—V 1o ot ST T oM

1. The operation + is associative and commutative. ’ s

- O\lJ\‘(Dv}S oex S i~ 4

2. There exists in V' an element called the zero vector, 0, such that for any v € V' we

have & Zern Newcd
v+0=v,and 0 +v ="

3. Each v € V has at least one negative/opposite/inverse called —v, such that

v+ (—v) =0, and (—v)+v=0. pPotet >
4. The scalar multiplication is associative. ke S‘pcza{ V ) T ) “)

5. The scalar multiplication and addition combinations are distributive:

/a(v+w) = av + aw, and (a + b)v = av + bv
S\ AV \e\/

6. For any v € V', we must have 1 - v = v.

viid e X phee
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Check-in: how tamiliar are you with the terms associative, commutative and distributive’

Qlicker
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Reminder:
e An operation is associative if you can change groupings of the inputs in a triple opera-

tion with no change in the final value. E.g. (3+2)45 = 3+(2+5), or(3-2)-5 = 3-(2:5)
= - —

e An operation is commutative it you can swap the order of the inputs with no change

in the final value. E.g. 2+7=7+2, or2-7=7-2. rroX~Tas
~T KA AR # BA

X TN At Lo o hFine
e T'wo operations-are distributive it you can expand them without changing the value.
EditedBg. 5-(247) =3-7+3-2, or (2+47)-3=2-3+7-3.
/]_\ Q O-aérll‘\:o—"- ‘\“QTA&

o 783
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Notation: when we deal with vector spaces, we will write either:

@or | . B e \Ft L o de et

'(Va_l—v')
—— \__,_Q-;?\\ ﬁl — &S_gum
\65( j‘d\’_\‘%& M(D\ J l’ﬂl‘ N—s~ P@AG\(‘\F\—
© Hosw T e ISk ral
)
PRSI
DQ_ C}\W\O\a U C"Ob —+ Sl o
/ e

Wait! If these + and - are just functions, why don’t we call them f(u,v) or g(a,v) like we
. . ?
did earlier” o ae dn i 21y =3

+ (\/x\/) —\/
=+
c&%@w&u«-s (a5 o) =t s £(5,00
< [vxU\ > Y - L. (36F) = HO

T (e YT (R 5“‘;“3/?))7 HO
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Example: Our most-used vector space: R, n- sl L o=ckr o feol 47
In the notation (V,+, ), what are each of the vector space ingredients?

%& - X

\\&\-\PQ Qe_Ql/\ jcé\j:{\?_ ‘r'i O V\—-%Upl{ oQ r‘t"—e‘r& V\Uvu..’/_lx)\_&)

\-\SLQ\C“K O\NJQ\Z" G{V\efz

23~ XGCG‘\Q s X - G\'V\\

- \R
N~ —— . ST A
‘{,.,_PL,} %’L&_ oo‘\*(’”‘ 0
~ =
IS )} —> CC’\V\_’\Q\ > 2 ) N A
ﬁto\\ _ C\“B) (lol N e .
SU"'--\QA’ N %E‘MPL( D3 0«&&( \ O—.
g N\ \(\Z 17 WJ]EEP/:CQJ:G‘\’\.
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4

Example: The natural numbers @T + @are not a vector space if we use regular addition

and real scalar multiplication. L e oD e D N sl o / mew 4l
Prove that, using the vector space axm /property that:

“Fach v € V' has a negative/opposite/inverse called —v, such that
U+ (-v)=0,and (—v) +v =0

V\)\-ﬂ—é\ —\B 'Q(\NB\ ti) refju\o&_ \jiij;/r‘b&
Simgle cdemad o N 09 ST
ey s AT ies, 29, BN (-) =
L
= Seor N, 4 e M —~~= = bd
%‘_ @L:o‘/\ MNsre Oaag 0\;{_{“ _ 4: U )<
@E’\‘ s WA GMT*\:N@ b\ml_&g} (
EENN = (N + -) s ~ta
e—i’) >e mﬁl vack Spoce
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Example: Use similar logic to show that the set of non-negative reals,

RT = {z € R:x > 0}, defined Withathe\usual real number addition and scalar multipli-

cation is not a vector space. I | ZI ? T N/

= (__,\,._) = O
- >
i ho- < AD SQ]U\}TG"\ &
_ \?, <3y 4
¢ (—-)E IR
o»\%C: s SC—Q:-&Q\C’\’_V\M'*M Ld/c—-wgg R et ogw?(\ .5 s 'gdd?adq.
AN + -
— e —Le R — AT e R gets
e % © h@lf?pl.‘q_r > eue  oJTSTde



~ =5,-2, -\, 0 12y 38
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1
Example: The integers (Z,+,-) are also not a vector space if we use regular addition
and real scalar multiplication.

Show why not, this time looking at the scalar multiplication, -, defined as a function:
- (RXZ)—=Z
(@,n) = a-n

—_—
—

2. -BA1EW
o SclL
- _2. 34 C=~-184S & 7
¢ Sedor e this ot ol
o e RxZ — 7/

Saf 0 e oo

= Z ONA- ~T e
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Example: The set of infinitely differentiable functions (C°°(R), +, -) is a vector space, if

—_—
p—y

we define: T p@QS .
o Addltlon as. S’-ﬁ— c}_g Ce)\/\:* LAY ér\aj\f}w\g ‘\
’Pq'\f\ér - \a:) ~ \ocf\d o ST~ ok oo ~Tikel 9 o FC Lhe
o= %1'\(‘14-3) Q.)( 3 ‘Bk.zz

- ’..(ijx C:?) — C _— c,;a s (\:,99 ucaQAxQ__g
o_(; %J/\ _de&:_,'\“?mr\

— C
cyq — Fear 909 e = Sty 4
cosd  Goti~ Lo RT~5 @ &Potaﬂ—

e Real scalar multiplication as:
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What is the zero element in (C°, +, )7
I N\
Newd  Sup &= 56y (er 9 o)
of

W

O olemd "~ CT s M 0.9@063—-?_—4-0 Sonehio

L) X WD =0 e s

S S

How can we build the opposite/negative of any element in (C°°, +, )7
N e ncd T+ %) =9
o

b

optig ©OF
S a6 \,VJJC(I\O\‘\M %Q “‘“{J
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Summary: Vectors Spaces are sets on which we can define an appropriate + and - operation.

Not Vector Spaces Vector Spaces
N~ ° P 2

3
7= Mﬂ}i (OjjaZ Rr R, . W
Cealsy — S

{ xe@: < 7/0% C/oa S;)_..r_*tcﬂ»-_g
— wﬂ——{SS'r'tS <‘ DQ)
&.\—bs’—" <o L—= U\!)J{*-\Q_'S

ol

N\ Vi n\

\ Uo i
\ X \
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Example: Consider the subset 1{) C R? which satisfies Vj = {(z,y) € R? : & +y = 0},
with the usual R? addition and scalar multiplication. R

Sue h 'f‘Le__?Q-
What is the shape of this set, geometrically, in R??

Qlicker A po~ts aﬁk%‘.j =+ =0
U?P’S’ \L%:\r o
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Vo= {(z,y) e R?: x4y =0}
Is (Vi, +, -) a vector space? To show this we would need to show that all the axioms for a
vector space are fulfilled.

(We will just show some of these...)
Q_._ Both the + and - are well-defined tunctions.

> & K,&OQCD*—J\:&SQMQ{: Uo bac:r («J'Qg)j_
&\v-o"r‘\ay M o-g: Uo? %@5\’

Lt (w}g)(c)\é VU, o G,k + (¢,d) = (°\+C) b%c)&)
(osvadl vachoe ‘\'J

Ty Corc, bid) Uy T

1. The operation + is associative and commutative. T e
J <
T )= 0 7

(feg Cle waw O ST O (@x)@éu@
~d  Ctd=o Cqd)el,
o { /
orc )b rd) = 5 (atb) + () =0

T
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Vo={(z,y) eR? : z+y =0}

2. There exists in V' an element called the zero vector 0, such that for any v € V' we

have .
OQ‘C&\ QS
v+ 0=v,and 0+v =" S /

— > Reoy
Ve (80) cader o O 2

3 (0 = (Q%Q \Q*Q) :CC’J\DD

Lt (e ye Uy thaa Cogl) 300,8) ) 1\

’ )

OSi~s T R vy STgiD

3. Each v € V has a negative/opposite/inverse called —v, such that Coyy b)

v+ (—v) =0, and (—v) +v = 0. o (00) B Mg

3 Ge Uy
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V():{(:I:,y)ER2:x+y:0}.

4. The scalar multiplication is associative.

5. The scalar multiplication and addition combinations can be expanded:
a(v+w) =av + aw, and (a + b)v = av + bv

Uo :\_S_ = ot e R
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Example: Consider the simil subset V; € R? which satisfies

Vi={(xy) € R THy= with the usual R? addition and scalar multiplication.
What is the s shape of this set, geometrlcally, in R2?




Vlz{(x,y)€R21x+y:1}.
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Does this space satisty the criterion that:

“0. Both the + and - are well-defined functions.”

DQ\ - \J\ < r:gi\ C\MZ»T
Lt Gy eV,

SPG“CQ
Wi cowd @ SL*‘%M )

S _b\:;t <8 ‘@\suj‘b\ﬁ e ey
<y R \ssL e &I"SLQ

Couv\:}\-{T“MO\“’IO[Q‘

(_)\Q(_%T(,r S‘J)oq
oot S (e LS4
- _ S <o
©>0 S = (s ) 55) 2 o S (atb)
g_M@\,)ﬂ\r e = blc
PN\ N
o~ 2

Y
S T o1

Co6)elf
=5 £
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Vi={(z,y) eR?:z+y =1}

Does V7 violate any other vector space axioms? (Nt N2 C2 (S %/ c

o @| . b NN
S ES m‘\' A U \ 5( '\3 LQ s 5

A5 cLUCAZ\%Q SN sz\f)

—>
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Intuitions: what seems to help make a vector space different from non-vector-spaces?
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/

Lo P P
Example: Let W be a subset of R?, with (/\)2 = (Qz ) ™
Wo = {(xy)€R2 z >0,y > 0}. =

[s W5 a real vector space, if we use the usual addition and scalar multlphcatlon for R?
vectors?” Why or why not? 4




_—

T~
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Imagine the same

3
Now let’s try expanding our ideas of what “+”7 and 7 can meaw
set WWo, but making a different vector sp 1 ew addition and scalar

multiplication rules.
First, addition: bee YD

;I— :(WQ X W2> — W2

////// o

(z,y) + (a,b) — (za, yb)

(IS
Example: Try ‘adding’ the following in (Wo, +, -):
(a) (1,2)+(3.4) () (2.2)+(4,5)

:—(\‘5 )l'u) ;‘;(K)\G)
= (3,%)

b) (15)+(22) X
fl(gj 16) —

Will this “addition” be a well-defined function on Ws? Yes "

S
(W, 5T ED
A
| " \ ,
D) L
e i bs
kg 2
CG/S’#) ¢ Ao
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Wo={(z,y) €eR?: 2 >0,y > 0}.

Next, scalar multiplication:

-:(RX Wo) %ng
m“,yo‘)

\--.'._—)1,‘___,_._.—.-

T AN W
e
Example: Try “scalar multiplying” the following in (Wo, +, -):
:(\'L)LL):(\)L\> :(Zb) &aBZC\) \)
(b)3-(0.5,4) (e) =m - (2,3)
3 5 -3y s .~ — 1.2
:_(o(s)bl>:-_(gl‘¢§)<=°<> :(Z )5 ) "

Wil this “scalar multiplication” be a well-defined function? 0
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Wy ={(z,y) € R?: 2z >0,y > 0}.
+ :(x,y) + (a,b) = (za, yb)
ERIC (CIZ’,:g) — (xavy&>

Example: What is the@leme@n W57 Recall that this requires 0 4 (z,y) = (z,y).

So \)LSV BZCC\)\QD C\)g N SPUPRIA

AN\ s V. & o o) CC’\J&:) “_CI)U) — Cx)&)) r‘c_@ar\a\r\z

/ (-Z "V\«mﬂ,
(Q\,J( Cc\_)b) L Cx, \:)) — CCK-K ) btj)
\‘—'—"'_\-—-—-—x’
<

\33 auc Y QPQJBJ‘\U_'
S G\“—"-‘-\) =1
. ‘\“(L\jl)_\')’) 3*\\*—6:(\)\>



Wy ={(z,y) € R?: 2z >0,y > 0}.
+:(x,y) + (a,b) = (za,yb)
o () = (2%,

Example: For any (z,y) € Ws, how do you build the negative/opposite value such that

—_—

L (o) =[-Cey)

e \

—_—

L\ s Grey) e e

s \og} Sama, vsats SO}R?U‘S
—(xe) N NE__&,@}%C&U):% n)
AN —_— o X\
C(‘_\&B %—C"I)U\:Q“:—(\)\) /sﬁ@,& W\QJjL = G?QZ
_ l 4
Y ey remg - e =)\

o
= (O= =) =" = |_ci 4L
, S J
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Discussion: If most of our examples are just about R" regular vectors anyway, what is the

point of this abstract definition of a vector space?
We can use intuition about the geometry of R? and R? vectors to inform us about the

algebra of other harder-to-visualize vector spaces.

Concept Picture Algebra
Vectoz adfi)imon R > L
U+ v v (D= A+
( > d T _
S ” / = = AR
AT W O e
\/\ — ? 1 — +
SRSV SN
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Concept Picture Algebra
All vectors are linear com- - . Q-
binations of a core set of %
“building block™ vectors. N c)o - . L
Ne A A = in Coem &
& Sana

S U—\\&K,S \ol QQ\LS [l *}5? -~
’L o L
@' o \N4 /\
Ses< . ( >

’5\5\&)\— §t)d% 2

v EN

&1\3 /\JQQ}"OI\-
PN Q e e~ 3

~ A
AST— GO L SN

%; Sa s Q)_\@Q‘ll

Other similar features we will see in Section 3.

(sz \\
S 4 Q)u\il&:j

L{QQ (C 0) QQ./—‘lQ\\S
ol \")

°° 2 c}%m

i\f\ ?")__ ) 2
< c
i \ D p& 5 <
D > |

5y,
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Deductions from the Vector Space Axioms

We call a set (V,+, ) if and only if it satisfies the vector space axioms.

However, the axioms lead to a set of secondary properties that are also then guaranteed to
be true for any vector space. We will describe and prove several of these, as a nice collection
of proof examples.
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Theorem 1. In any vector space V', there is only one zero vector Q_
(Recall: the axiom was just that there exists a zero vector, but maybe there is more than

(}))r;z sfquivalent vector. ) / Lle cny D U
Ass cun v e Teds T Cha
sudess Qoalli show FreX ey BN
ok~ 23374
W\USBY [O_Q i@\r-'\e& j
= —S RSN SQ_&*\B%\D e 6\ WS 6"»-\_3/
e NS Q‘* ) S

é\"(:\r* (»3{ Shon ‘QFJEB S M s oo
. c@ﬁ\j Sp,  dsvs- \ v* a i -8 <¢ Sct~ 20sS
S, = 6& T 3 = O % = " ?
! D &wﬁ S G‘J“’"QKJ The
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Theorem 2. In any vector space V', each element v has only one (i.e. unique) additive

nverse —u.

Proof: b el o osSeas Hed A hes fus
s DAL AR i ERS (-] o [ '\F@;& B -

Gm& Lo s N w sk o Z-/U‘&l = Z:—-/U\’i\%_
et [-—,\5;(1 = [*—/\TA + S = [—«rﬁ:& + (/\r JrE“/\r;%]B = (2:_,\;;\1 1-«\‘) '\‘E"\S}J
=l D 2% >

QS _SSaoc *]:J <Y

S~ U +0 o
o < N C‘Q(vi‘ c‘s"F GAA'\/\J‘D
5K T & N ATV & Y aws
—
= Q J\‘[_/\S\&]

0 ﬁﬁ@(kl:[— M\&\g 3 MTQ"\(>
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Theorem 3 - Cancellation property. Given a vector space V', and three vectors u, v, w €

V' that satisty u + g = hen we can conclude u = w.
Proof:

/
= U+ (e 1)

—_ CM%«:—) - C—-«y)

"N \
* (. ‘t = T CM\J(_(_T’)/
R o~ C—Q)\mc_,o_; \“__”-:E/-\
"\—\/\z I\S“\S ! = e\ A Iy
= &

— L)

—_—

—

A oD o~ XL 4§ LA

Q = /\r+(~/\r>

C)‘B"SQQ_:A* i

gmm 31/\5;;,\ A 5= AT

o~ SSa<

D 1AU-

ALX | 3y~

—
O a8 SRV v
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Theorem 4. Let V be a Vector space. Then
‘ S rn ey AT Spes

For any vector v € V|
(a)

b :
(b) For any scalar a € R, a - 3 < W‘P““\e\ S
S oS pm\ﬁgc} Q> A

‘F&'\_' Cu/\-i)u&cﬁam/\r

Proofs:

(@) S%CN-'SV ‘*—‘/

Qe e = (o+/<§f\"

D=0r +Onr | PN U A N G

e ~S _;—E) +O@ Oﬁsé OX 1
\ G L oA = ROF - Co i~ o
13
sk 0= 3 rof =0 L9 o



— —

C\b\ ?QC’ G\mb SC0-\G\V C\e\l) - O = O
__VE &oo M\J\\r\p\:) ‘\‘IAL [ b:j &Vj Scalc‘\r\ _\Ar'g\s.ag q5‘\‘Lq q .

..
[ko:k"i(s—*\
J— . O — LA.S"F’\B[ Conn o
\ Sewn-_ S*rc_JrQS\u) &S @*)' - + 48 )
R W el A= O AT
/'ﬁ/&s S ONC  As
ﬁ\l“" - __{Lr? Axisoc
&”6 + O — G = 6 ASS + & =4
- i
— 6\(_6 “\—_C_)) Sow v\ GAUK A~ )LDU\& ~ SO el e~ A
= & 45
— O —6 4 G\-E A\E'\. ‘T:\ U\'\:{U K%
\
Ak a3 + O = a0 +oT
~S On S~ N
%3 8-\~ Qo_\.\o—-‘\:k&r« Pmpﬁ"\:‘j) Co

'

~ o)
sk 6T s 9/5 S = 6« + s D d=6-8® e S g e o,
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Theorem 4 cont. Let V beav space. Then _ \
(¢) For any vector v € V,@@ AS O Conn Lo T Q3 e

i.e. the scalar pro v 15 the additive inverse of v. Lo URER OF ‘3\"‘:7
PI”OOfSZ A\XT&:W‘* Q)Z \'/G‘TL/\(’ QS‘QC_\Q(‘ S (C)O

¥ of LA Y
L e ) —\
= () e HFwIA - cq Sselos
=
(‘“‘"\\ N~ = E__./\rl = O «a g

Oo/\?:a

s o~ <~\\°r\r A ‘—“—g

S (=\Vear T Ha 3 DN Tiness



rlomsre
& (u\)o\)_\ — (‘é\ L‘\\“““,SW*lc 7)) AAs +2a “?—)

8
\c\:w\

- (_‘.C\_\\J)} :C—\\~ (E_ﬁ 1&3)

= ( -—@:\ pd -——'SC-—GL\) + 3 5 (*\33 +2.(—) -Z)
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Comment: All these theorems above can feel, well, obvious if we just think of R and R":
we just assume these based on our experience.

However, as we identify or encounter new vector spaces, it can be profoundly helpful to
have this rock-solid bed of properties like these that we can immediately rely on, even in
unfamiliar spaces.
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Example: from the spring/mass system in APSC 171.

A, ma— 3" F A
e o

/
. mx = —kx — cx
— 1,

In APSC 171, we found two simple solutions, e.g. x1(t) = elatbi)t and ro(t) = ela—bi)t,

T

\Y

We then made the statement “any linear combination of those two solutions is also a solu-
tion”, e.g. z(t) = Zle(aerz)t 4 22€(a+bz)t

o <ot o
Relation to vector spaces: C&NJJ EJos e < = Cox LE 4 CS(EY
(oY) T GaouDE
0« & A 22 <L

\
5@6&\ v’v\xh*r‘pl‘



- _ Z _Q T
@\Gfu&- - C-Q,K,. U( é:—‘—-—_____
e g
- a)_‘ & 3 w‘“ﬁf
\,\(-‘:\i): RN (= . ”g e so Fpuk
> I ( /KD =2 9 %(‘
6 e Sondio~r — (Sar—\Cs /3‘*%"“@) e CLO/O CW\J"‘) S Qﬁ—&y

NN




Mjr,:%f/'f,x#—-e_—

g; A—=>V
’f_@o\“-—) ‘C’(ﬁ}C— V/




