Week #3: Vector Subspaces

e Vector subspaces, and simplified process for identifying them
e Linear combinations

e Span of a set of vectors as a subspace

e Implications of span for the solution of systems of equations

No clicker questions today (Wed)
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Section 3 - Vector Subspaces

These spaces must also satlsfy a set of 8 axioms around their addition and scalar multipli-
cation operators, e.g.

e There must be a zero element, 0, such that 0+ =2+ 0 =z.

e Fach element x must have a negative/inverse of itself, called —x, such that x + (—z) =

0.

e addition 1s commutative.
°...
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Vector Spaces Not Vector Spaces
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We now look at a somewhat simpler question: if we already havgg , vector spacg, when
will a subset (with the same addition and scalar multiplication) also be a vector space?
o= gy CLQZ + °> 3 al

exocRy cof Vi SCa et >

D < ) < \J‘L—c&a‘“‘ S'rc:r Ceo.

Example: We have seen R? is a vector space, with the usual addition and scalar multipli-
cation.
Is the subset of R? defined by

Vi=A(z,y) € R?: ¢+ y = 1} also a vector space?

Option 1: go through all 8 vector space axioms like last week.

Option 2: because we are just looking at a subset of a known vector space, we can take a
short-cut!
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Vector Subspace. Definition: Let (V,+,-) be ector space. Now let W be a
subset of V, 1.e. W C 'V, and working with th@ S Me
@ +,+) will also be vector space, or more commonly called a vector Subgp%%\é of

) if the following axioms are satisfied:
Dot these 3

(1) The subset W contains the zero element 0 of (V, 4+, -).
(2) W_is closed under addition. Le. for any z,y € W, the sum  +y € W too.

(3) W is closed under scalar multiplication. Le. for any real o and elemen‘O{ W the

e

product axr & W)too.
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Based on that shorter set of tests, is the subset of R? defined by d
Vi = {(:l: y) € ]R2 x +y = 1} a vector subspace? \
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(1) The subset W contains the zero element O of (V +,-). Sdns

(2) W is closed under addition. IL.e. for any : =, 2 € W, the sum ==y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.




Week 3- Page 7

Vlz{(x,y)ER2zx+y:1}

(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum = + y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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Example: Is the subset of R defined by Q="
Vo ={(z,9y) € R? T TT Y= 0} a vector subspace?

— - %
(W 2= S S @ o Vs
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\eg\. (o O) o O o~ W
* / lé
o aro=0 = 3 (06) & Ve
————
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(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.

(3) W is closed under scalar multiplication. Le. for any real o and element x € W, the
product ax € W too.
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Vo={(z,y) e R?:z4+y =0} A
b o= (x5 90) ok V=0, 900

W/ L&éUo — 3:1-%31:() W\&ML:N‘%[\;P M\L;w
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(1) The subset W contains the zero element 0 of (V,+,-). W 4 A

(2) W is closed under addition. IL.e. for any 27y 5 € W, the sum 2=y € W to0.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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Vo= {(z,y) e R?: x4+ y =0} \
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(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W T00. —
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Example: Is the subset of any vector space (V, 4+, -) defined simply by W = @ a vector

subspace?’ 3 f,lz 5 5 Sp Ve < $6¢
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Example: Is the empty set, i.e. which is a subset of any vector space (V,+,-), a vector
subspace?’ &
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Example: Is the set of all polynomials of degree 5 or less, P5(R), a vector subspace of the

C*™® vector space? S’ -
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(1) The subset W contains the zero element 0 of (V, 4+, ).
(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too. —r o~ =)
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(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Ie. for any z,y € W, the sum = +y € W too.

(3) W is closed under scalar multiplication. I.e. for any real o and element z € W, the
product ax € W too.
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Example: What about the set U = { f : J(Q) = 3}: 1s it a vector subspace of C=7
—

T

Conting an iR sobsx & <7 n
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(1) The subset W contains the zero element 0 of (V,+,-).
(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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Is there a iﬂji’lir’@ype of set that would be a vector subspace of C°°7 T
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(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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(1) The subset W contains the zero element 0 of (V,+,-).
(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the

product ax € W too.




Week 3- Page 17

c:><€ S s A V.
Tod: (< F)(WD= ~<[ “C(‘”l S(w) =0 Gl

- A -0 fec U
= O
SOQ,@C}é—, \/

<3 U R C}Qgﬁé O VQQF
SQM W&/Qk\l/\ ,
(1) The subset W contains the zero element 0 of (V,+,-).
(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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Example: Is the set W = {f € C°°: f(0) = f(3)} a vector subspace of the C'*® vector

space? (Note the f on the RHS this tlme') S s
D i3 o wader sibsgeun € € %
A < ~——
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(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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(1) The subset W contains the zero element 0 of (V, +, -). o F

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the

product ax € W too.
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Example: Is the set W = {f € C: d%f(a:) = f(x)} a vector subspace of C°7

R
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(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum = +y € W too

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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(1) The subset W contains the zero element 0 of (V, 4+, -).

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the

product ax € W too.

So
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'{:CX}::.- ZQ
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Does the differential equation " (t) = —z(t) ring any bells from APSC 1717

S R

Example: Is the set W = {z(t) € C°°: d—Qx(t) = —x(t)} a vector subspace of C'°°7

dt2 2 —_
Q) v«
(‘z) e

(3)/

(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum = + y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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W = {z(t) € O : L o(t) = —z(t))

(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum = + y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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W = {z(t) € C: La(t) = —a(t)}

(1) The subset W contains the zero element 0 of (V,+,-).

(2) W is closed under addition. Le. for any z,y € W, the sum = + y € W too.

(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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Return to the abstract case. We will be working with subspaces a lot, so having some quick

rules we can use will be helpful. @ V4
=
Example: Prove that intersection of any two vector subspaces is also a vector subspace.
(Ref: Theorem 3 on page 49 of the Lecture Notes.)
Lt AL BV QT ket AR g vachr

Sty AND
XY C\\ & QS U moest b ~ AR
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SQAA[:S \ ol aGA a2 O &
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Continued: Prove that intersection of any two vector subspaces is also a vector subspace.
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Continued: Prove that intersection of any two vector subspaces is also a vector subspace.

(3 DF ac®, «e AR | Fhae Seow odso € AND

P%&g\:? o.e A = Aol @ A A = U .S CQQ&BQB/MM
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Example: We now have shown that the intersection of any two vector subspaces is also a
vector subspace. However, the Notes also indicate that the union of two vector subspaces
may or may not be a subspace. \. dm\o\_;[lcz\%\S

[llustrate this with examples of subsets from R~ v
- 2l
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Section 4 - Linear Combinations

Once we have a real vector space (V, +, ), we can safely:

e Add any elements of V, and
e Multiply any elements of V by a real scalar.

Ii@l, V2, . .. Uppare vectors /elements in 'V, what kinds of new vectors can we create? Suppose

a; € R. Ve oS Siegls b IS
/\Ttﬁr/\Y‘z_ (@9&)

o C G N, Qa,v Gy C\le\l

\

( <
~ Cr <
o C 0\1/0‘2 -
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o< (O\\ AN ’\_‘6\7/\er)+ XNy N5 = qp/\Y\P
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Linear Combination. Definition: let vy,..., v, be a finite collection of elements of
the vector space V (with p > 1). The expression

U1 T QU9 + ... T QpUp, o <ot O
with aq,...,ap € R, is called a linear combination of the vectors vy, ..., vp.

Example: write a linear combination of 5 E@&mdl E@

o Gn colhn oy \F - 233 - F

C\\ /\J"\ CKZ '\PZ
Example: write a linear combination of [1, 0, 0], [0, 0, 3],
[1,-1,2], all €R?,

. 401,063 +2aL00 3N+ o) <127

C\i Q()l-\— 0\2&)0’53+6k£|—\23
Exaxiﬁqple write a linear combination of cos(t), sin(t), both c O

2. 3.5 o () =25 )
of el o Acos(+) ¢ Bsia (+)
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Example: If we take the vectors vy = [1, 2], v9
reach with linear combinations of v{ and vy?

Uy

= [0,1] € Rz, what parts of .Q_E?E can we
)|
vl
o

L

' 2
/ N NV C Sovo &, €
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Example: If we take the vectors wy = [1, 2], w9

reach with linear combinations of wy and wy?

— [—2, —4] € R?, what parts of R? can we

Q\ L\)z JFG‘ZCQL
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Example: Follow the process below for R?.
e We start with a known vector space R>.

7 Vo

e We pick a finite number of elements,

VUi, ——5p € R as ‘seeds’ or ‘building blocks’.

Y, ) Vo

e We imagine the subset of R3 we can cover or
reach with linear combinations of vy, ..., vp.

6\JV\D C\\ AN %‘Q’ZUL /

oV e ow o P[G\V\D

<+\\m€5L\ (O/O)Q) [’“‘/ bw)i—()/\r\z)
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Follow the process below for C°°.

. o0 - ) ‘ ~
e We start with a vector space C; . ’Q\.} IS TV QU“J (AN oS ’/\{ /\\J &g@ ZQIQ

e We pick a finite number of elements, .
U],...,Up € C>® as ‘seeds’ or ‘building i \) * D BB
blocks’.

e We imagine the subset of C'°° we can cover or
reach with linear combinations of vy, ..., vp.

Gl r b £ c_xz = < pos<; blo

/ iUcrv&rod\r\\“Q§‘
6 QQ‘___Q é \.\,\ &_(3_4\ L"V\‘__S

—_—

G/l Ol 0=+ Ox° i<
“\xC[uM.
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Linear Combinations as Vector Subspaces. Proposition: Let (V,+,) be a

real vector space, and v1, ..., vp be a finite number of elements of the vector space V (with
p > 1). The subset S C 'V consisting of all linear combinations of vy, ..., vy, is a vector
subspace of the original V.

The set S is called the span (or ‘linear span’) of the vectors vy, ..., vp.
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Example: defining vector subspaces of R".

= o /ud Kn(g_xy_n_ vector space R" TR
(£
Rule for selecting subset of R™ Pick some elements of R"
2. ~ - P
2y 1l ER xg= 15X Sl 0123 (o &
o =
(%, y)e® ! Xy —ol”
Verify 3 rules for vector subspace Span will automatically be a vector subspace
1y D '~ 2 — 0127 ["'*3%’ 2
1,20 <R [0l ~ oo <« , 6 € (&
2 o 2 T

(77\ N SM[-{ 1S OLU—Q-QTOV“ SébSo?O‘-CQr N S&XTG»;SW%
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Example: defining vector subspaces of C'°°
) Known vector space C°

T ) -

(£
Rule for selecting subset of C'*° Pick some elements of C°
— __&_ S;-::: % . C
So=s | 2 s o)) costt
f = (

\&/x - E l) x| 3_25

Verify 3 rules for vector subspace

()
(%)
Qs)

Span will automatically be a vector subspace
— —

\\/ Q) D&':)S-{&)(Q\ Q-:-/\ Cgan AL\S,
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Example: Prove, using the 3 requirements for a vector subspace, that the span of any finite
set v1,...,Up @vﬂl always be a vector subspace.

SO O oF 5}-% _g = 5 C:\‘r\g\' v G\p,\g\p - \./ G{\-... G\P 6!}2g
CI ) T &6ES7

O , P;L\L O =G5 T T QP —O Cé‘ \1)

\ s -

— . = O
% Gprsy = O A Wk 2
<\
) Gz V% © 2 =
= N < P = S < i~ ang
So G N HGyVa fn G s OO0 TS O =0 Py g
(1) The subset W contains the zero element 0 of (V,+,-). Y3 K}

(2) W is closed under addition. Le. for any z,y € W, the sum x +y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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= S LQ/C— TJ‘JS s [T Cen b ' G—F §u, . UP}
(1) The subset W contains the zero element 0 of (V,+,-).
(2) W_is closed under addition. Le. for any z,y € W, the sum x + y € W too.
(3) W is closed under scalar multiplication. I.e. for any real v and element z € W, the
product ax € W too.
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Vector spaces give us a new way to think about solutions to systems of linear equations.
Example: Consider the system of linear equations below.

$1—|—3$2:1 39{0\
201 +x9=3
dr1 — x9 = —3

Z O o~ IC—-V"QuwS

Extract the _a_:'_z-’s as coe@cz’ents of_I_RS vectors:

\S{_C@—E)O\_Q - X\C\B o, (3) = | f b \

o 7(‘%(2\ + ‘DCZC\) = 3 — X, 2 |+ =
o z, (W) ¥ %)= "5 L — \j

What does the LHS of the equation now look like?
i~ comn b G\l N T % N7

>
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Represent the question “Does this system of equations have a[solution?” in new terms,

using span. T

T (2) e span oF S({)(S)
o@rPd)/pth

Note: this hasn’t yet helped us find an answer faster, but it ¢s a new way to look at an old
problem!
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Example: Let us consider a system of equations related to RZ.

P s (0
7

x1—31r9=">0

Use a span argument to prove that, no matter what values are picked for a and b, there
will be a solution to this system.

j" NG ) o (u) *(J(:)

1
S% v T (a) er Oui)
@WD (b V\Cfi )
,,..7;)<— A’H*" SW ——y D0
CB) N 6‘3\3) Xt 2 TR
g S;@C' G-v~9 L x _%X—L b ) (3) Ry ('Z-—?))
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Example continued.
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Example: Let us consider another system of equations related to RZ.
N o1 —2x92=a
—3x1+ 06290 =0

Use a span argument to prove that, for some a and b values for this system, there will not

be a solution.
\ _ ( -2\ [ 5
C
I’_\ <"“:) ™ P C \{0

(2, ) "v(;l)
: ') C»\cholé /\Q\""Q

AN Sc‘_\ld QA

(oS
<8
g_j,C{)()

i (L) o0 (L)




o (1,0
,0,0 )45
(o, \,o\ +
c (60
L\ =
= (
o

cq(\\
+ L
P
) e
= ?)-F
T
+ & x<

|+ >

:
,,_7&//:7 .
9 DL“\*DC‘?
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Example continued.
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Vector spaces can also help us to better understand the solutions to the spring/mass dif-
ferential equation from APSC 171 and APSC 112.

Example: Consider the spring system shown below.

What is the differential equation that the motion of the mass must follow?
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ma” (t) + kx(t) = 0
What does a solution, z(t), to the differential equation represent?
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Prove that the set of all solutions to maz” (t) + kz(t) = 0 is a vector subspace of C'*°:

0
W = {z(t) € C° : x(t) satisfies ma”(t) + kx(t) = 0}
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ma'” (t) + kx(t) = 0

Continued.
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ma” (t) + kx(t) = 0

or (1) = —%:E(?f)

Now, consider two known solutions to the differential equation (found in APSC 171):
o xi(t) =

® 1(t) =
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Describe how the following two sets are related:
e set of all possible solutions to differential equation

mz” + kx =0, and

e the span of the two simple solutions

(o) =)
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If time available, further examples or proofs of subspace and span relationships.



