Week #8: Null Space, Image, Matrix Forms




Review of Linear Transformations - 1

Review:

Definition: for a linear mapping L : V — W, the set of all input vectors that are
mapped to Oy is called the:

(A) Function of L.

(B) Image of L.

(C) Kernel of L.

(D) Zeros of L.
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Review of Linear Transformations - 2

The kernel of a linear mapping L : V — W is:

(A) some s@%et of the input space V.

et nf faYa) ‘Kf.
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(C) a vector subspace of the input space V.

—_—

(D) a vector subspace of the output space W.




Kernel and Image of Linear Transformations - 1

Kernel and Image of Linear Transformations

Where we are heading: for a linear mapping L : V — W, we will be able to divide up the

dimensions of the input space, V. J

Let dim(V) = n be the starting dimension. " S
« ™

e The kernel of L, with L(v) = Oy, will have some dimension k, and

e The image of L, all the output w's we can get from some L(v) = w, will have
dimension n — k.



Week 8- Page 2 Kernel and Image of Linear Transformations - 2
Definition: Let L : V — W be a linear transformation. We define the image of L,
Im(L), by

Im(L) = {w € W : There is some v € V such that L(v) = w} Ty (1)
L
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Note: the whole output space W is called the co-domain or target set. .
S



Kernel and Image of Linear Transformations - 3

Note that for a linear transformation L : V — W,
e the kernel Ker(L) is a subset of the input space V, while

L“) “—“-'-Z/\ré\/" L(/G‘):‘:‘_ﬁwg
e the image Im(L) is a subset of the output space W.
L s S e, A sh L) =wh

e the image may or may not be all of W.
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Problem: Sketch possible the following configurations for linear mappings from R? — R3:
y z

'(‘: (O)QB—,: (Q/G)QB — F_C_S}'D_'S

%: C1)6) '::Cl)o)|)

‘?’ (QJL)“__:‘_.(QJ \J\)
s (2,8) = (2,°,2)
flz,y) =z, y, 2 +y
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g Cie) = (o) —0)
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Kernel and Image of Linear Transformations - 5

W(e,0) = (2,0,6) Z R — R examples.

QWY = (o 0,06)

h(x,y) = [0,0,0] : T (L) =L (5953
e () = [(Ku‘o)@“?/?_g
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Image is a Vector Subspace - 1

Theorem 19 Let L : V — W be a linear transformation, and

C/Qv+pu:P Se b Y S iupd

Im(L) ={w € W : There is some v € V such that L(v) = w}
Then Im(L) is a subspace of W (not just a subset).

Proof L.
'\3 FI- “— ([_\ Cen~ \\% "\T'Lﬁx 6(’“ 0 - - 4
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Theorem 19 Let L : V — W be a linear transformation.
Then Im(L) is a subspace of W.

Im(L) ={w € W : There is some v € V such that L(v) = w}
'2,3 Y CL\ C—(QSQ.& O A~ O Gﬁééq“\:{mﬁ “y @me:
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Image is a Vector Subspace - 3

Theorem 19 Let L : V — W be a linear transformation.
Then Im(L) is a subspace of W.

Im(L) ={w € W : There is some v € V such that L(v) = w}
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Theorem 19 Let L : V — W be a linear transformation.
Then Im(L) is a subspace of W.

Im(L) ={w € W : There is some v € V such that L(v) = w}




Injective Functions and the Kernel - 1

Here is a theorem that will be helpful when we study dimensions related to transforms. It
ties into our idea that Ker(L) measures how much L “collapses” the input space V, under
its linear transformation.

Theorem 18 Let L : V — W be a linear transformation.

L is injective or one-to-one if and only if Ker(L) = Ov;.

Concept Question: injective functions are which of these?

a) et f : S = T. Ve,ye S:z#y= f(x) ooy Se

(b)Let f:S—=T.VteT JxecS: f(z)=t.
SeseRiox / 0"\47\3 /Cow\r‘13 e oc;*pd QGDO\Q,Q



Week 8- Page 2

Injective Functions and the Kernel - 2

Diagrams
Injective @ Injective
1
A7< >1
2
B 2
Surjective| ;""" o 3
4
- D;4
5
g E
1 1
2 2
A A
| e
B
Not surjective : 4 ; 4
\5 \5
D D
N >6
Ex_ E

-~J




Injective Functions and the Kernel - 3

Theorem 18 Let L : V — W be a linear transformation.
L is injective if and only if Ker(L) =0y3 s\l p<d

Proof: Ker(L) = {0y} = L is injective. SS Ceq ires
s anly L(S,) = Q. (L) = §0,3 = L3 tnjeding
o~
ne  ofter A€V SeAT3Niag s iaJedia D ke (D=663
L (as) LKN

S ca,uﬁr o ‘U\So—de&!\f‘;%) Copnsidar N, , A, © v Cﬁw\Fd %ﬁ)w")
S'*‘, L_(/\S"f’) — L C/\.rz__> MF\?\DQ N
Gad v Shaw Ll a7 ~uygt = Sy

C o S™OQ 5 L (o)) = L (55 )

S OS roc L—(’\PL) S:m.,.,\ Dot STI=s



Week 8- Page 4 Injective Functions and the Kernel - 4

Theorem 18 Let L : V — W be a linear transformation.
L is injective if and only if Ker(L) = Ov;.

L(@\} — LC/KFL) = L‘(K\rz_)““ L(wc.)

L(/\J‘I *“/\T?_/) —_:__6,,\) Sl Lo s Cinees

Se v —m, € Yas (L)

Lau\i_ 6() “ W\b /U‘K.J\Qr* I ’Q\r(L')

— —_ o~ N AS = A5
So N v, = O, > 1 2

LD aekea F ke(D) 2958



Injective Functions and the Kernel - 5

Theorem 18 Let L : V — W be a linear transformation.
L is injective if and only if Ker(L) = Ov;.

Proof: L is injective = Ker(L) = {0y} .

TS L s “\-{Bkﬁi& )“\*\A» c'mb O\«&M"\g‘(?.r‘ NSV

SoX N 2 s L) = —61«)

— Vas CLS F:“TCSU% \Q L. S 'ID\\SQ&F\/\IP.
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Theorem 18 Let L : V — W be a linear transformation.
L is injective if and only if Ker(L) = Oy,.




Examples of the Image of Linear Transformations - 1

Example: Determining if a point is in Im(L). \\27— L) mS
Let L : R? — R3 be the linear mapping defined by /h?j\r?ﬁg : iy
L(x,y)(QxBy,x+y,4x+5y)%@ /,___. 5
Show that the point (—6,2,10) is in the Im(L).
i ~ (- 1
Gom\f QLA._-,O (5‘-,3) ""‘"P"‘j s, L\(ij) - ( ©, % 0>

loe ~ 3 "‘67 A -5 —b
e L) = Y (
Dm{—O — Za —> \ \ Z
Hoon < o S (o
J | i |
o Ty (2D 0 L2 -2, [ 1 o |O
2. \ g = o 17
\7_\«—2,311 O ’“g —10 — zz/”( D ) 2. -
S ez | @ =[O
—\[| — @
Rty |0 7_2& O
L DL 2 D )U":Z
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S v Continued
L(z,y) = (2z — 3y, z + y, 4z + Sy)

C = e L.(o,2) ::;Cr—@) 191®> —

<> C—Cs) Zjlo) = Im(l—)



Examples of the Image of Linear Transformations - 3

L : R? — R3 be the linear mapping defined by

Example: Show that the point (1,2, 3) is not in the Im(L).
GoeQ 1 Fiad (‘\Q) =9 s RS S L(K\‘OB =(,2,%)

_ 3 g - \
" C ) L= \37 ( fZ 5 )
L ﬁ‘o) - p +-J - | Z > \ {
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0 (\ \ 2. T f\ \ \ A
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> ~ 3,
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ao o Cecy) vzl st Llxyy) = C1L,%9) Continued
(V2 ) o ad inTa imog o b

=D



Examples of the Image of Linear Transformations - 5

Tie these ideas about linear transformations back to our earlier ideas about span and linear
systems of equations.

. - T . (L)
L(z,y) = (22 — 3y, + y, 4z + dy) 'S (O\)Bf:—> S )

o~ X
20 — 3y = a LZ .
r+y=0b =7 7 o c
4 s J
dr 4+ dy = c¢

. S
(\é Cb.\¥/c_) cAn NFL’Q gpc\

[T



Bases in transformations and Im(L) - 1

Bases in transformations and Im(L) LR —= "

L(z,y) = (2v — 3y, + y, 4x + 5y)
Earlier we used a bit of trial and error and equation solving to see if a vector was or wasn'’t
in the image of L. Can we use some insight instead to develop a basis for the image”

rZDmﬂékj Z E
\
L\('x,u\f)): DLJ\—(‘? = = Cl '\‘U c

#LEDC_’("’S‘J
n,\puf oo logs ¢

S
QT L ard Q_\LM-JL»—JB o ([ conn
oy c_\r\m&'m@ &"\QQQJ N

Ao Ay Borer comln < Hj}[ji
immg Lo spanning w4 Rr o)

S
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L(xz,y) = 22 — 3y, + y,4x + by)
Vo coltd oS = <5 pon SLJF) + C l?/\v\qr\(j “\m&ﬂp_)

—2 ]
Our 5&)\' ? [?1 f \ \é% Cd\'Are\ng /. 4Qn-m\jl1l\00°’\
AR \ch_lmrS

_ SQ& o \“\/\C&O\K‘\Q ‘\N&DP.
” o Spcﬁ-/"\\'\\j st for D) «nd

1 . s
Sia@ S [E,L [51 lg e . Q:\v\QM]\\? '\"“&&-P PL&U\Q—: IM(L)

KL*Q—S‘TS %r— _._._ (Z—>

(\1
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We will study this basis-of-image question in more detail next week!



Function Composition - 1

Function Composition
Let V be a vector space with elements u,v € V. We then add transtorms 77 : V — V

and 75 : V. — V which are linear transforms such that: T <

v — | —
T (u) = 3u — 6v and T7(v) = —u + 3v, and L k""‘ \
Th(u) = —4u + 7v and Th(v) = 2u + 2v. J— W — X

Find the images of © and v under the composition:
TyTi(w) = Tp (Pa~Gar) = 2T () = 6T, (w)
| \ N\Rog r\\\j \sg TZ

2 (-t \-—1«5‘-—3"’"6(2&{2—’\?")

—_—
—

= —~Z49w A
To(Ti(v) = T, (- & tBn)

\'\,\,Q_C,S:\L—v) o — ._TLLL;\} =2 TZCAT) — — C-——Lf[k«‘\—:’(/\r\ =" (2&\‘2«5‘-)



Matrices Defined by Linear Transformations - 1

Matrices Defined by Linear Transformations

Any linear transform from R"™ — R"" can be represented by an m X n matrix.
Bonus: the matrix form of a linear transform, after reducing to RREF, will let us

e find the dimension of Ker(L), and
e find a basis for Ker(L);
e find the dimension of Im(L), and

e find a basis for Im(L);
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Sizes of matrices

Example: identify the size of each of the matrices below. Make sure the dimensions are
presented in the standard order.
(ﬁb \;55 lac:) (C_CS[QMWQ,)

S 3 258
C o\ 016
“2)&»..5
(1 20]
g
= 001

T 000



Matrices Defined by Linear Transformations - 3

If we fix m and n > 1, we define the set of all m X n matrices as My, n(R).
Fun fact: this set of matrices is a vector space! eq va spos  F2x 3 o Sees
e We define My 4+ M» addition as element-by-element addition, and
e We define scalar multiplication aM as multiplying every element of the matrix M by
Q.
Note: we only have a vector space M, n(R) if we keep the dimensions of the matrices
constant.
Example: try adding two 2 x 3 matrlces, then separately a 2 x 2 and a 3 X 1 matrix.

\oz ').H\o 2 =\ 2
CO\< @]Y C S
s

Wt 77/
[5% + | &

{

| —




Key Property of Linear Transformations - 1

Key Property of Linear Transformations

Suppose that % . 'V — W is a linear transformation, and that we have a set of vectors
V1,V9,...,Vp € V for which we know L(vy), L(va), ..., L(vp).

Then, for any new vector v we can easily deduce L(v), so long as v is in the span of

{Vl,Vg,...,Vp}. U z )
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Example: L : R? — RS is a linear transformation, and we learn: R:ﬁ
2
.L([LOD — [17273]7 and W L
o L([0,1]) = [-1,1,2]. l — L(LL,eQ) = 25
7 T OJP} ? 7 / J\_J
Find L([3,2]). C /1/‘ » LCoyap, 2

L( 5[[)01 + 2[0 ll)
v L (Z10d) + ZLCEO_.Q)

2 (1,0 2 [-51,2]
— ):\?8/ L%l

L([BJZ,D

))

1

1]



Key Property of Linear Transformations - 3

L([1,0]) = [1,2,3], and L([0,1]) = [~1,1,2].

Find in general, L(|x,y]) for any x,y.

(=, ) = NEHArae: 3*[0}@)
o9 L(CLsY)x U~L_CCC))l1)

—

— l[l)l}glfb 0 [-“\)\)2-1 e Ny oa‘\pufk %M

= = -9 Ton 59, 5 2’31 orvetion fire
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L([1,0]) = [1,2,3], and L([0,1]) = [~1,1,2].

Key Property of Linear Transformations - 4

This can give us the idea to encode a linear transformation from R"™ — R"" using an m xn
matrix.

Find the standard matrix assoclated with L.

W\u\&«l—z& L\S[Léké/\/\-e\.g YQPVQSQA)Q\'[U LC Lo \JQ.,,’3> m/‘H\ 1
o s Q_w.‘k\z_j Qav?*q-g()d‘\'\&'\—s 5‘@ P\\L‘L C:CE)\

\ o e MQ}P"LP\:Q‘\S,
/_\ = 2. \ 3
L.
3 /2
Co\ = Jf?/@ /\\—C@\? I"([O)L:D
RECRY A

/MJ\—Mt[ P\-} £.<



Key Property of Linear Transformations - 5

Definition For a linear transformation L : R" — H@ we associate to L the m X n

)

standard matrix M for which where: A \
e 1st column of M is L(1,0,...,0), 4 oS = & ol
e 2nd column of M is L(0,1,...,0) et @ s
Y Y Y ) ) CQJ."'U\
°... =iapd K

e nth column of M is L(0,0,...,1), 2 oudpd S 5 R @y
Example: Let L : R* — R3 be deﬁned by /\
L(mu) (bx — 2y, 3z —w, y—"Tz+ 8w).
Find the standard matrix for L.~ & cols ~ M= & 14 pot s

n?\)o&\a'ﬁw\\ng
e L(Ew/éﬁi\)ﬂ[a [ (Te,b,oe]) = (kj

S A=\
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L(z,y,z,w) = (5 — 2y, 3z —w, y— 7z+ 8w)

M=

o)
@
2 Y 0 [ 5
& oot B ApLES ’

= 9, =, o



Matrices of Linear Transformation: Examples - 1

Example: Let L : R? — R? be defined by
L(x,y,z) = (—2x — 4y + 3z, 11x+15y+8z

Find the standard matrix for L.
>
rq-_l —
A swS L ! ]
- ’&OGATP“&S ~
= i f ]
Lo = | — 1S | —
e L (Con,eld= [=4)
- F ‘/‘LPKk

-

= 4
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Concept Check: What is the size of the standard matrix for a linear transformation

: 59 —
('/ QG‘QI/\ ”c/\f)“‘j
t%

e g

Qa\ — e~ Oc.'s"l" pu-:J L\\Q\c}“‘




Matrices of Linear Transformation: Examples - 3

Concept Check: If the standard matrix for L is 6 rows x 8 columns,

? G
then L: . —




Moving between standard matrix and the matching linear transform - 1

Moving between standard matrix and the matching linear transform

2 od~ =X e oojvpu—'F‘ SE<R ]’Q_kf

Example: A =

070 @ o R A %ﬁ_ \HMPA S

matrix for a transform L 4, what are the dimensions of the input and

2 o
L: . — [\

If A is the stand:
output spaces of L7
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Moving between standard matrix and the matching linear transform - 2

A:

153
208
416
070

Interpret A as the transform of (1,0,0), (0,1,0) and (0,0, 1).

€ o\~ ce& j A = LC oS- 6‘.N_6)\£ 0/\‘\%\?\&) ’!/\pd}s)

H

\_\CE()O)O}_) _ q\%‘f cof oY A %
o
\Aﬁ G._.-\LN){%




Moving between standard matrix and the matching linear transform - 3

(15 3]
208
416
070

Compute L g(x,y, z).
= L (=~ Cul « gle6] 4 2Tas i)

- L@Cfboﬂ)%>- So LA_O_“o))/orl)o\tj = L([0/<5311)~2

[\ 5\\ kS | Do A 613 + L2
- 2 0 <3r R — A — E@,
« | + \ D ¢ z - [ & Ny

\
S x +—?—3 Dz

e Daf pradoct

Note any patterns in the resulting vector.

L[)"g‘/él'[)@) 3)2—1
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Since we often start with a matrix representation for a linear transtorm, we would like a
simpler process for defining the output of L 4(v).

e
We define the (non-scalar) matrix product Av, with v = “21 and
% (\ o« o o
. ’V\ej&\f\;\'j( \/\P“V\_ _In_
w; as the ¢th column of A as: o e

< AV = wWix] + Woxro + ... Wy,

What kind of product (from Calcul/{ps class) does this look like?

cdx & A s ety oS
gl

Dyt P@A@d



Moving between standard matrix and the matching linear transform - 5

15 3] [2 S
4 |208 S1=
6

070 25

Evaluate L 4(2,4, —1).
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15 3]
208
416
070
Evaluate L 4(0,—1,1). Lo M@Jblg s Yead
N N J@"““@K\/
2 L1, 5,30
|\ S 2] o )
L&CO-)'—\)lBT Lo % -\ < Qj )
. . e oam, Tp
C\ ( ,é; EQ&E%«

> 1o - [o]




Moving between standard matrix and the matching linear transform - 7

Next week: matrix multiplication, and the dimensions/bases for the kernel and image!



