Week #10: Invertible Matrices and Determinants
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Text Section 14 - Invertible Matrices and Determinants

Quick Review of Linear Functlons
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Also recall:

Definition: for a linear mapping L : V — W, the set of all input
vectors that are mapped t@r is called the Yecndl of L, or the
null space of L. Formally:

Definition: Let L : V — W be a linear transformation. We define
the image of L, Im(L) by: 1, .3 *8 e W (oo P“‘*)

LCI)“B %‘— Semo 2 €V

T.(L)
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Both the kernel and the image of L : V' — W are subspaces:
o kil v oo selypen oF tapudt speeg

'-"'.---__-‘
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Since they are subspaces, each of them must have bases and di-
mension. Sketch:

(V) _
Ceo (L) | ,LM(L)

f\,?/

\,/j: los7 S
L Ssr IW(L_)

Note: every linear transformation L has a kernel and an image.
We will also used the same nomenclature for every matrix A, where
we infer that A is the standard matrix for a linear transform L.
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We will further explore the idea of our matrices-as-functions, and
specifically whether they are invertible. But first, we review the
invertibility in the general case, including non-linear functions.

Invertible functions: Given a function f : R — R, the nota-
tion f~1 indicates the inverse function of f (if the inverse function

exists). /;‘h;
Examples y " R
(a) Let f( ) = x°. S

Q (¢\~ %)’/
R NN

(b) Let glx) = 2x[j/ = . 8}\5—:&

(N = x+
N 2
The f~1 function, where it exists, un-does the effect of f:

F @) =z andf( [ @) ) =4

__7
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When does a function have an inverse?
A function f :V — W has an inverse function f~!if and only if
f is injective (one-to-one) and surjective (onto).

¢ S,
==
e >

£ X
Note that if an inverse function exists and
f .V — W then
LWV,

Diagram:




Week 10- Page 7

A function f : V' — W has an inverse function f —Lif and only if f
is injective (one-to-one) and surjective (onto).

Question: Use the diagram below to identify problems with the in-
verse function when a function is not surjective, or not injective.

Injective Not Injective
t . \ B =
| pT ()= A BX
B — A\l B ,. 4
Surjective 0/3\,\0 | 0/2 V_l(_i:[- A \rQ('“)I‘\&DLR (O/Q e
D/4 D/3 :/{3 Qe X
4
E/5 "
1 1 -\
= £y =27
2 2
A A of
B 3 B>3 %;—\(Lq :::7)7
ot surjective . _\_
Not surj c @ c 4 . Lo ‘_.}\lo]? \'o/C_ 2
™~ ™~ o - r—\) oy o
6 6
E E
\7 ;
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Invertibility of Linear\Functions or Mappings

Suppose that L : R — R is a linear transformation.
Under what conditions is L invertible, or alternatively injective and

surjective?!

For the work below, assume A is the standard matrix for L.

Required: L is injective (one-to-one)

oA

ol
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Required: L is surjective (onto)

Ls oov bj‘)\ -
\’Ql\ — T\ZM \F\Z — \\-&
o —
— ~Q /’_ﬁo
. LN
T L) s
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\
Conclusion: L : R"™ — R" is invertible if and only if

° Yoo (L) = §6§ — ol @ nang o? /X ose

\TA eg\v\\) “\J\c%\;p,

-
” C O A~ Q—F

o :’CM(L): a@oj\: P N S
SO {R'

U

A
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L : R"™ — R™ is invertible.

Consequence: if L is invertible, what are the dimensions of its stan-
dard matrix A7

A st be o Sgoowed? e RAly
p— - -

O-? R Y airs) Cc)[S.

— SGuw V\UMB&F

= | (A=et '/V\cxg)@ﬁt“SS Coum 22 ﬂl/\\Rr—%\b\Q
AW Q "‘ﬁ"’j X cwch)J Spoa s

ot e Sowo  Samensidn

| .2 - (2
. , Y
. P
\J/(\ Al N\ L_l; ?)‘)
7 \F J |
2
02 N v
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Nomenclature: since there is a such a close tie between linear func-

tions and theiepresentations, we can talk equally about
(1) The linear function L being invertible;

e

5*(:\»(}%?3
(2) The matrix for that function, L 4, being invertible; or

(3) A generic@atrix A)eing invertible.
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V\c_,’\_‘ ‘SCF_’\SQ\S“Q = V\.q,"_ EV\\){T‘}‘&)Q

Rank-nullity and invertibility
We showed earlier that to be invertible, a matrix must first be square
(n xn). However, not even all n X n_matrices will be invertible. Here

we connect important properties of matrices to invertibility. Assume
the matrix A is the standard matrix for a linear transformation L.

Ahas " columns.
'\./\'ch.d‘-wﬂ
To be invertible, L must be @ and onto. This means that
the kernel of Ais: 238 = © @iaen'0 .
-\ : \ A )
N U “ 7 “
e } [ hxnl=a <)
So the rank of A must be: =~ N

So the columns of A must be: 1'\"\%\?\3 1/\&&“@

Any of these conditions can be used to test for a matrix’s invertibility.
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Examples: Which of the following matrices are invertible?
(813 3t 23 121
T e

M‘\_ "Scb_,\w‘p\ :3‘ M‘&V-\:\Q\ SC\(-\}G\Y—Q- l‘/ %cy_gc,\re e
VAR TR, lOJ cala o?g Qw:} QQ\& Q—FC.

G r\_}j- \h\/\Qo\S‘\\j / e \’\,\‘lh

"~ P Do
—)! TS [R N_Qit = C_ S
‘\ 2% \;—QS‘%F\g\‘e i \ ‘\«\ \J\QT—-F;( ltb]--e

Foreshadowing: how would we tell if a larger, e.g. 5x5, matrix were
invertible?
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Defining the Matrix of an Inverse Linear Function
Suppose that L : R™ — R" is a linear transformation, and that it

is invertible.
We can define the inverse function L=! : R” — R" by the rule:

R = A
O €
€ (L
~ - L-\(E> = T U*«:\CLJ\!\Q

et T e soch st

D _—
L (=)= &

= L(U=) )=%
[
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Theorem: If L : R"™ — R" is an invertible linear transformation,

EE—,

then L~ : R"™ — R" is also a linear transformation.

—_—

Note: though this theorem is true, we will not prove it in this class.

Consequence: since L1 is also a linear transformation, it too must
have a standard matrix, A~1.

J—

One obvious question is how to compute the matrix A~ based on
the matrix A. r

n . L
A 1A PRACSR
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Algorithm for Computing the Inverse Matrix
If Ais an invertible n X n matrix, write the following double-width

matrix [\ ©oog
jv\: o\ o
A S0 -
(A L) e |
‘ A

or"\\cj \ n X w A‘é‘l’j‘b ot Al

Put this combined matrix into RREF. The resulting matrix will be
(I | A7V

where A1 is the inverse of A.
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Example: Given the invertible 2 X 2 matrix

~[35 LoLEs Wk Lo
A[47]’ Gosd v g

compute the matrix A~

2 \l R | O
[L‘ ) \ o - HE 52 Q) — L) -3
<L L
A _
LGSR, 3 O\ 2 -—-\5’} (1O \? >
—_
D S
_R,L L,_O \ “L\( 3 Q2_ k
1xL A A_l
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Example: Given the invertible 3 X 3 matrix

31 3] | T . LWS,
Geel
B=1031], ok g 3
212
compute the matrix B~1,
F’:«.\g'\oOV R EREIEAE
e N T S T T I v S S > 10
2 V2| o o 2%,-3% S — O | 2 &=
L\/\/\—)\ ‘J ZL ‘ J
& 2y U
2 (2 13100 )R ® 303 (3075
~2.0
2o Lo|2 °S ~——'>lZL[QlO\ <§
- o ¢ VT
QZTBQ}Q Q\\CO | \15
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>yt
_ o
Q\—'3V—5 Lo O [- =524y
| S L o |2 o5
-
e, o [|e | —9
\
[QVAS T-\ e =5 3
vy & |\ o -2 = 3
Ly to > < [ -9
—_
S )
—\ —‘S— -\ E
So QB = O 3

31 3]
031},
212
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(31 3]
031

212
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Some Properties of the Inverse Matrix

-\ . -
— al
P%C_\g" A (A ’DC> = - A A = IV\
T,> - *
‘AA_lzln 3 Ai ’\Im;:; )So
Cros 5 J~ -\ - _ 3
L s Aw o~
= A x ~ _ — =
A \U _ A A L:) = /A‘ X ‘)‘: &3
/3(- 5 = Iv\ C _ =
— _ T Y = L<]
() eAz=b — z=A"TD 6 S0 3 T
B Y aTs
A T~ ugR A
5:)%3‘2‘ © k N L&K\CV\G(AV\S ’\) 3‘_ p Y W\.Q‘S-‘. Q_E-g C‘u\j/
’?\Jm{” s oS ey .

! 'QL'"‘-CQ < ~
60‘0—Q — ) ) . ‘)Lo oue
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Alternative Test for Matrix Invertibility

Reminder: not all square matrices will be invertible. ‘
(2 g PR Célumhs\gq K"LJ\\\LJ \r\a%g{_)-_

[f our rank/column-linear-independence checks aren’t immediately
obvious, is there another test we can use to see if the matrix is in-
vertible, before we try the full RREF inverting process?

We will see that the an important quantity called the determinant ot
a matrix can be used for this. Even better, the matrix determinant
can also give other information about an implied linear transforma-
t1ion.
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Introduction to Determinants

> =)

Easy question: what is the area of the unit circle?
Av‘f—a\: N TIT— v > =" 9. U"\jS-

pewm () 3k = ))Aracde

S 2L X e

/ ~

Harder question: what is the area of an ellipse with axis lengths a

and b’
@ C,{r\:a\\\ Q.Vﬁ \t’\f) :

(‘.—o,.’b

<
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We will find a non-calculus way to compute the ellipse area using

matrices, specifically using a new property of transformations and
matrices called the determinant. A= [ . ,@ — D=4

Associated with any linear transformation L (amd its associated stan-
dard matrix A), is a single scalar value called the determinant D.

(1) The magnitude of D represents the overall scaling done by
the transformation.

(2) The sign of D is related the directional or orientation flips
done by the transformation.
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Determinant in 2D

More specifically for maps from a plane to a plane, L : j@z o I_[_%f:

(1) The magnitude of D represents the scaling of the area for

a closed region by the transtformation.

o

R SGNa

BC\-:T[‘D

G~ o (\

(2) The sign of D is related the relative direction /mirroring of vector

pairs after the transformation.
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Computing the Determmant - 2

a b "/
Definition: D(A) = |A| = [ggd] = ab — cd
. 2 0
Example: compute the determinant of A = [O B 3] .

Lt (AN= (2D(=3) — (0)(0s) = -

APSC 172 cross-over: compute the determinant of the matrix of

second derivatives: H = [f mxf ] D = C. 5 ——@
Ty Tyy
\A\‘Qgﬁ@\m m‘ﬁn‘:{
I\f

ALt (W) = S Ty ~ S;’“J“ 9%
S;xx g:\‘jt] T (%\j)

2
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D) =14/ =||*"

[a b”:ab—cd

Example: compute the determinant of B = [:i\;] .

sk (B = (DY = (-x)H(1)

Note: we will re-use these same A and B matrices in the following
examples as well.
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Example: Compute the transformation or image of the triangle shown
after applying the linear transformation defined by A = [?) _03]
Recall: |A| = —6 Cd»wlpu&a A x

Af 81 - [ ;ﬂ - ......... .......... ......... .........
NN T
NN S
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Example: Compute the transformation of the triangle shown by the

—11
4 2]. Recall that |B| = 2.

SN I A

R ;w}m ......... ......... ..........

443 42 41
......... ......... .......... ‘_._.1-

linear transformation defined by B = [
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Recall:

(1) The magnitude of D represents the scaling of the area for
a closed region by the transformation.

(2) The sign of D is related the relative direction /mirroring of vector

pairs after the transtormation.
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The Determinant and Composition
Example: Sketch a region in R? that is transformed by a composition

of two linear transformations, L 4 then Lp. G =
| y L | R 1o

S RPRYS

e TR AN )

ro 2 R et () (

x U N
|

What is the effective change in area of the composition L = Lgo Lg”

Moot \03 \ &k (M\\C"**CK\\ = 7

What does this say about the determinant of the standard matrix for

LpolLy? | aut(84)) = |82 (AY|[det ()|

I
A .

[n general, for a matrix product (AB):

ak (AR) = 8t(RA) = (AR
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The Determinant and Invertibility

Example: Compute the transformation of the triangle shown by the
—2 -2 Wil Tada

I B IS | A el B 5 O Wi e o
e[y VA (Eii

What do you notice about the resulting
area’

linear transformation defined by C' =
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I 1
C = 9 9|

What is the dimension of the image of C? = 1D ( Ll/\m)
gPG\J\ O{ [_\2]_\71 — SPG\V\ f:;/]

What is the dimension of the kernel of C7

§Svo\r\{c§~ i~ 2D
Row ¥/ I 7T U 2
\M\&iv?b i&; \ fc*‘?/f o
at 1s the determinant of C';
X T"W\AJ\LQ\
25 () :O\gm\ 2x2 St

[ || = -

i~ () =1

o O

[s C invertible? et S = N =O.
g | Cve = oweb Just 00 -ad()=0

Colonig w2 nst ““\\/j 1ndep
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In general. a square n_x.n matrix A is invertible if and only if:
e The columns of A are linearly independent.

s an

6\ E7. The rank of A _1_8_’__:_1_2_1

e The kernel of A has dimension 0.

I\)e_m)? e The determinant of A is not zero.
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Computing the determinant for 2 x 2 matrices
Recall: for a 2 X 2 matrix,

a b

i

det(A) = |A| =
Note: the vertical bars here are not absolute values. Remember the
determinant can be negative!

= ab — cd

Example: compute the determinant of A = [_21 _72]

S (M= (D)= D))
- bttt =3

R
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) (
Computing the determinant for 3 x 3 matrices

Zan ajy a3
det(A) = |A] = | | a1 a2 ag3

| d3] a32 a33
( ) )T

e Copy the 1st two columns beside the matrlx then

e Multiply down the diagonals, and up the diagonals as shown,
then

e Add the down-right diagonal products, and subtract the up-
right diagonals.

Note: the subscripting in matrices works like a;; as the
N

. )
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Example: Compute the determinant of the 3x3 matrix

1210 2
11,277 -0

:

=K
&um:[ow—ew(—-u)}- O+ 3% \(o]
ey = —10—19
:wzq
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Computing the determinant for n x n matrices

We have seen techniques now for computing determinants of 2x2 and
3% 3 matrices. -
Sadly, there is no ‘diagonal shortcut’ for any matrices past 3 x 3 in
size. Instead, we introduce a recursive process called the Laplace

Expansion Formula or the co-factor expansion.

The co-factor expansion requires two building blocks:

(a) The checkerboard pattern of signs. This always starts as a +
in the top-lett corner, and then alternates for every vertical or
horizontal step taken.

E.g.
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(b) The (n — 1) x (n — 1) sub-matrix associated with any entry.
For any entry a;; in an n X n matrix, we make a smaller sub-
matrix by crossing out the row ¢ and column j that entry is in.

Example:
15 41 6] _
SN L6187 S <
00420~ | © <= °
Example:
15 —-16 s <\ b
%6 0 3 7 _ o 3 4
C 0\!,\\ 00 —-20 v —2. O
L:ﬂ?’ —1
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The Determinant - Laplace Expansion Formula

1. Pick any row or column. ?_’x%\;
2. For every entry a;; in that row or column:

compute (checkerboard sign) x@) x (det of sub-matrix for a;;)
3. Take the sum of all the values from step 2.

Formally (Textbook, Page 186, 190): for A being a square n X n
matrix, det(A) is the real number defined as follows:

(i) Ifn =1,1e. A= [k| for some real number k, then det(A4) = k.
(ii) If n > 1, then det(A) is recursively defined as follows:

n

@M Bl O > det(A) = Z(—l)iﬂ g j det([A] )
j=1 chadec - éu&miw\f
n

pick ol 7y or =Y (1) a; 5 det([A]; ;)

for a selection of row ¢ or column j.
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Example Compute the determinant of the 4 X 4 matrix
Diclk W of ced

23 4 I
2 3 b 34
st ()= W’J‘ 0 I D g>&g”°b
. ms
+ (+(-1) S /D GCQ)CM( —221
o B
=

_ () (12) x () (2e) YO +(-6) (24)
= 42 -100 — 1Y =|-202 |
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o 3.1 10
dd(&):; O %
N

=

43343
&E\(CJ:) o-2s |2

2 al |2y

uoz\uo

= 2
D= 21T (92

(continued)

— [orore )= [—-qz o+

= T UL

— J%) v \- [—Z,E Fot0 |

= ¥+ 20

_—' [Q.}gﬁ-gl‘[@——-ZL{‘f—Ql

= 24



Week 10- Page 45

Example: re-compute the determinant of the same matrix, using a

different row or column.
5 —16 P e ov )

A= HO0 37 Cile Tewl

SIS WIS
+(-2) c&@r([q girb ¥ (-—»i(ﬂ)

Z}\
= (=2YQe)) = \
= 200
| < &\ )

P

O V)

S 235

:[Q+:(’O-\- ?ZI_IO*ZHZOX": )QZ-—Q\:@
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Notes on determinants so far

Scaling by transformations: A Scoda s L%J
e XY \“{‘ E
A ?;:\ ]/\\_4 \M (A)\
La

AV
Invertibility of matrices: os "f

A —\f\\;&r%‘\&t\Q <_"D JJJE\—(AB %Q

Multiplication of matrices:

LAY = S(R) Sat(A)

Determinants of inverse matrices: . (T
A-A‘\:I MC*\ C&ﬁ(’h( )“&du V\>

. .\ \
| | Stk = —m ]
Computing determinants: At K)

2 X 2 3 X 3 nxn
[&‘zﬂ _ Chack toard
C RS WV}/QCQS

M(}*B: od — b wﬂ



